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Sharpe’s Optimal Portfolio

A Portfolio is defined as optimal portfolio if its Sharpe Ratio is highest. Sharpe ratio is defined as risk premium per unit of total risk. Putting differently:
Sharpe ratio = (Expected return – Risk Free return)/ SD
The difference between expected return and risk free return is referred as risk premium. It is also refereed as “Mean excess return”. 

In the following paragraphs, we shall be referring the Sharpe ratio as “Risk premium/SD”.

By expected return we mean, the return that the investor expects on the basis of historical data.

The following steps are required for portfolio construction under Sharpe’s approach:

(i) Calculate the ratio of “Risk Premium/Beta” for each security.

(ii) Rank the ratios calculated under (i) in descending order. 

(iii) Calculate the ratios of Beta2 / Residual variance for each security.

(iv) Multiply (ii) and (iii) [ {(Risk premium/Beta) x(Beta2 / Residual variance)} = {(Risk premium x Beta)/(Residual variance)]

(v) Find cumulative value of (iii)

(vi) Find cumulative values of (iv)

(vii) Calculate Ci for each security.
C1 = Market variance x (Risk premium x Beta)/(Residual variance)
              1 + Market variance (Beta2 / Residual variance)

C2 = [{(Market variance)x(Risk premium x Beta)}/(Residual variance)]
                  1 + [Market variance (Beta2 / Residual variance)]

And so on.


The value of (i) (Risk premium x Beta)/(Residual variance) and (ii) (Beta2 / Residual variance) are to be taken from cumulative columns.

The highest Ci value is referred as C*. It is the cut-off rate. Security with C* value and the securities before this security are to be included in the portfolio, others are rejected.

(vii)

The next step is to calculate the weights. For this purpose, we have to calculate Zi.

Zi=[ Beta/residual variance] X [(Risk premium/Beta) - C*]

W1 = Zi /(Zi + Zii + Ziii + …….. +Zn)

W2 = Zii /(Zi + Zii + Ziii + …….. +Zn)

And so on.


[All these steps are simplified version of advanced mathematical derivations. Such derivations are beyond the scope of this note] 
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Question ( May, 2010) ( 10 Marks)

Mr. Ramesh wants to invest in stock market. He has got the following information about individual securities:

	Security 
	Expected return
	Beta
	SD2        ci

	A
	15
	1.5
	40

	B
	12
	2
	20

	C
	10
	2.5
	30

	D
	09
	1
	10

	E
	08
	1.2
	20

	F
	14
	1.5
	30


Market Index variance is 10% and the risk free rate of return is 7%. What should be the optimum portfolio assuming no short sales.
Teaching note – not required in the exam:  SD2 ci  given in the last column of the question refers to Residual variance. It is evident from the following observations:

(i) Systematic risk of B = 22 x 10 = 40. The figure given in the last column is 20. The figure given in the last column cannot be total risk as total risk cannot be less than systematic risk. It means the figures given in the last column represent residual risk.
(ii) Systematic risk of C = 2.52 x 10 = 62.50. The figure given in the last column is 30. The figure given in the last column cannot be total risk as total risk cannot be less than systematic risk. It means the figures given in the last column represent residual risk.
Answer :

Note: It is assumed that the ci given in the question is ei.                               (ei refers to residual variance)

	Security 
	Risk premium
	Beta 
	Risk Premium/Beta 

	A
	8
	1.5
	5.33

	B
	5
	2
	2.50

	C
	3
	2.5
	1.20

	D
	2
	1
	2

	E
	1
	1.2
	0.83

	F
	7
	1.5
	4.67


	Secu-
rity 


	(Risk 
Premium)/

(Beta) 

	(Beta2) / 
(Residual 
Variance)

 
	(Risk premium x

Beta) / (Residual variance) 
	Cum. Value of (Beta2 / 
Residual 
Variance) 
	Cum. Value of (Risk premium x
Beta)/ (Residual variance)
	C

	A
	5.33
	0.05625
	0.30
	0.05625
	0.30
	1.92

	F
	4.67
	0.07500
	0.35
	0.13125
	0.65
	2.8110

	B
	2.50
	0.20000
	0.50
	0.33125
	1.15
	2.667

	D
	2.00
	0.10000
	0.20
	0.43125
	1.35
	2.5414

	C
	1.20
	0.20833
	0.25
	0.63958
	1.60
	2.1635

	E
	0.83
	0.07200
	0.06
	0.71158
	1.66
	2.0452


            Zi=[ Beta/residual variance] X [(Risk premium/Beta) - C*]

               = [1.5/40] X [(5.33-2.8110)] = 0.09446625
          Zii = [1.5/30] x [4.67 -2.8110] = 0.09295

                       0.280335

W1  = 0.0944625/(0.0944625 + 0.09295) = 0.50
W2   =   0.09295 /(0.0944625 + 0.09295)  = 0.50

Mr. Ramesh should invest 50% of his funds in A and 50% in F.

