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Abstract

The empirical evidence of the smile volatility in the markets of options has shown the limit of
Black & Scholes modeling with constant local volatility functions in the frame of complete
markets, especially since the crash of 1987. Despite the effort made to improve this frame of
modeling, in particular by Dupire' in 1992, it remains unable to give a satisfactory
explanation to market smile volatility, and then to provide traders with an efficient and robust
pricing technique of non at the money options. Hence, one has decided to introduce new
classes of models with stochastic volatility and/or jumps and a theoretical frame which takes
into account the smile effect for currency options and the skew effect for options written on
stocks. While B&S modeling failed to explain this positive correlation between large
downwards movements of the underlying asset and options prices, Heston modeling with
stochastic volatility assumes a negative link between returns and volatility (called the Merton
effect) and models the so-called leverage effect observed in the market. At the other hand,
Merton modeling with jumps perfectly describes this effect as the fear of the participants from
large downward jumps in the price of stocks which results in a more important remuneration

of options out of the money.

But empirically, we observed that one has to implement too high values of the volatility’s drift
within a stochastic volatility model to meet the term structure of the volatility observed in the
market without in compensation any real economic interpretation. In an equivalent way,
modeling with finite number of jumps — so-called finite activity Lévy processes or jump
diffusion processes — doesn’t permit to fit in data with a respectable precision (only a
modeling with infinite activity Lévy processes would do so). The mixture of these two models
due to Bates, a volatility driven by a stochastic diffusion (Heston model) and a drifted
Brownian component associated with jumps (Merton model) gives at the opposite a plenty
flexibility in fitting the smile and the term structure of volatility. It also displays a robust
theoretical frame, as shown with Bates and Bakchi, Cao, Chen for the particular case of
options written on currencies and on stocks. This is the reason why this paper deals above all

with the model of Bates, which is both efficient in fitting market data and quiet representative

" Dupire provided a mathematical formula for the calibration of the local volatility function with the market
data and proved its uniqueness under complete markets assumption



of incomplete markets because it includes the two major sources of its incompleteness, jumps

and stochastic volatility.

The market is said incomplete within our frame of modeling because jumps and volatility are
not tangible assets and are not traded in the markets. This incomplete market modeling leads
to some drawbacks. Firstly, the uniqueness of risk neutral probability under which assets are
priced is no more guaranteed. So as contrary to the Black & Scholes model, modeling with
Jumps and stochastic volatility holds the inconvenient not to give a perfect hedge against the
variations of the underlying. Secondly, the incomplete market models lead to some numerical
approximation of the prices of vanilla options. In effect, a closed form of the probability
density is rarely available and we only know closed form of the characteristic function of the
log price process, which leads to a semi-closed formula of options price computable by
numerical approximation. But as it seems illusory to consider the market to be complete in the
real world, incomplete market modeling are considered as an approximated solution to the
right problem. It is then naturally more efficient than the exact solution to the wrong problem

provided by Black and Scholes modeling.

From a technical point of view, the incomplete market models seem to involve much more
large mathematical concepts than the complete market ones. Besides, the technical nature of
most papers on the subject gives sometimes the impression to business schools students or
others not specialized in applied mathematics for finance that jump diffusion processes are
beyond their reach. This paper shows that this is not so and has been written mostly for this
reason. But our aim is of course not to give an exhaustive and sophisticated mathematical
frame for jump diffusions and other Lévy processes, which would be a quite technical subject
and is beyond our reach, but rather an intuitive comprehension of the tools involved with

Jjump diffusions modeling.

We won’t deal with stochastic interest rates like in Backchi, Cao and Chen as a
generalization of Bates’ model into SVJD models (stochastic volatility jump diffusions
models), but give the tools to let these models affordable to the reader. More sophisticated
modeling with infinite activity Lévy processes like Variance-Gamma, Normal Inverse
Gaussian, tempered stable and generalized hyperbolic models is not developed in this paper

because infinite activity Lévy processes require more sophisticated mathematical material.



The interested reader can report to the annexes for an introduction to such processes through

the Lévy-Khinchin representation and to the bibliography

Throughout all the paper, we provide the reader with mathematical tools necessary to tackle
the development of the model of Bates. Even if most of the concepts are recalled, the reader

must be familiar with It6 processes and continuous semimartingales to get plenty of this

paper.

We begin with a financial approach of stochastic processes in the first part to go smoothly
through jump processes in the second one. Then we learn to work with discontinuous
stochastic calculus in the part Ill, before tackling the models in the part 1V, and give an
application of those model to the pricing of vanilla options in the part V. We eventually
explain in the part VI how to implement the model of Bates with Monte Carlo simulations and

FFT algorithms.

We will systematically privilege intuitive results than exact formalized results and we will
purely and simply ignore many technical difficulties by giving when possible only intuitive
idea of the mathematical assumptions. Our aim is not to give mathematical proofs of the
results used in the construction of the model of Bates, but to provide an intuitive
understanding of the tools used to construct this model. We apologize in advance for the lack
of technical details (in particular convergence arguments and (square) integrability) which
would have made this paper much less clear, and for possible mistakes the author is

responsible for.

We only hope that this paper will help the reader who is familiar with continuous theory of
stochastic calculus to feel comfortable with those more and more common models which
involve discontinuity and stochastic volatility, and will stimulate its interest in recent

developments in quantitative finance.
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I — Mathematical frame for incomplete markets modeling

A- Financial modeling frame with stochastic processes in incomplete markets

We consider a sequence of random variables X,, ¢ € [0,+o0] where each X, represents the

random price of a financial asset at the time ¢.

Each X, can be a priori defined as an application from Q, in R"™ (as prices are positive
variables), for each atom @ in the case where €2, can be decomposed in single atoms:
Q - R

o = X, (w)=x

where Q, is the set of possible paths of the process (X, ) until the time ¢, and each @ a path

of the process ( X, ) until the time 7.

In fact, X, is an application from the o — algebra F, in B(R"), the o —algebra of R*
F, - B(R")

A b X, (4)=x

The o —algebra F, can be intuitively represented as a set of combinations of atoms @ of Q, ,
which include €,, and which is stable under reunion, finite intersection and by passing to the
complementary event. The complementary of an element of F, must be in F,, just as the
union and the intersection of two elements of F,. The smallest o —algebra is F,={J,Q,}

and the largest one 1s F,=P(€,), the set of all subsets of Q,.

The o —algebra B(R™) can be seen as a stable set of combinations of open intervals of the

form [a,b[ . It is the smallest stable set of combination of intervals which can generate allR".

We use this o —algebra to make X, measurable, i.e



Vxe BR") Fd4eF: x=X,"(4)

Intuitively, X, measurable means that every realization x of X, has its origin in a stable

combination of atoms A. Thus, every (point or interval) x of B(R") can be written x = X, (4),
which means that every price or range of prices observed in the market are the realization of

some event 4. So if X, is measurable with respect to F, (or X, is F,-measurable) then all

values observed in R" are images of some events of F,.

If fis an application from B(R") to B(R") and f is measurable with respect to the
o —algebra B(R"), then f'is said to be Borelian. We use such functions in practice to make

the random variable f( X, ) measurable in respect with the o —algebra F, of Q.

X, measurable f Borelian
F > B(R") > B(R")
w - X, - (X)W = f(X; (W)

In practice, we construct the o —algebra F, using the past values of X,. For each s, the
realization of all random variables X - the path of assets until the time ¢ - permits to define
the o —algebra F,=o(X,,s<t), called the o —algebragenerated by all the random
variables X with s<¢. F, is mathematically the smallest set of stable combinations of

antecedents of X, s <¢, that generate all the values of X, s<t¢, a set of antecedents of X

S

being of the form { X,”'(x), xe B(R") }.

F, is then a stable set of all realizations of the process ( X ) before the time ¢. So it represents
the information revealed by all the paths of X before the time ¢. By construction, each X, is
“naturally” F; -measurable. The we say in this case that (X,) .. Is adapted with respect to

the filtration (F,)tER+ .

Basically, each atom of F| is included in F, for s<¢ , as w e F, is a scenario for the

N N

evolution of the assets’ prices until the time s, while @ € F, is a scenario until the time ¢.



Then we have

Fyclc.cFc.ckc.cF, cF

The sequence of o —algebra (F, )tER+ =F,,.F;.F,. . ,F, iscalled a filtration.

On the so-called measurable space (€2, F) , where Q 1is the set of all Q,, t e R*, we define a

measure of probability p, an application from Q to [0,1] stable by reunion of disjoint sets
which holds the conditions p(€2) = 1. This probability is said to be historical if Q is the set of

scenarios of the price paths in the real world.

Associated to the filtration (Ft)zeIR and the probability p, the measurable space (Q,F)
becomes a stochastic basis (Q, F, (F,)tER , p) under which all prices’ processes are
constructed. (X;) is then modeled as an adapted stochastic process (i.e each X, is F,-

measurable) on the stochastic basis (QQ , F, (£ )tGR ,P) >

We will rather use the filtration F, = (X, ,s <t) AN than F, = o(X,,s <t), where N is

the set of negligible events” and A the union operator for o -algebras. The stochastic basis
holds then the famous “common conditions”. When modeling cadlag processes (see below),

the condition of right-continuousity of F, 3 is required. The reader can refer to [2] for more

details on the crucial role of information in modeling price paths with stochastic processes.

For a fixed scenario (an event w in F)), each application ¢ — X,(w) is a trajectory of the

stochastic process (X,) (o ...[-

A stochastic process is said cadlag — continu a droite limite a gauche - if each trajectory is left

continuous with right limits, i.e

® N is precisely the subset of negligible events i.e the set of A — B such as P(B) = 0. Adding it to F,, means that

we want impossible trajectories to be known in advance at time zero and the impossibility of this events is an
available information in every F; .

3 .
Fy=F . with F. = 0 F,
>0



VteR* liglo Xipig =X, almost surely under the probability p
&

which means X 4= X, a.s.  (almost surely under p)

Remark that such equalities which involve random variables are always written in the almost

sure sense, without mentioning sometimes it is the case. The last equality means

Vwe F, suchas p(w)=0, VieR" limOXHg(w):X,(w)
E—>

With cadlag processes, jumps are unpredictable and are modeled as sudden events. In effect,
the value X, of the process at time # is always defined as the value after the jump X, = X .
As the jump is occurring after the time ¢, at ¢*, the value X, is not foreseeable by following
the trajectory up to the time ¢ . The unpredictability of jumps being an empirical fact in the

market, we use these processes for modeling price dynamics.

At the opposite, caglad processes (right continuous processes with left limits) are predictable

processes. The value of the process X, is the value before the jump, X, = X, so we can
foresee the value of X, at time ¢ by following the trajectory up to the time ¢. The caglad

processes are hence used to model dynamic strategies, where quantities of assets X, to buy in

period /[t, t+dt[ are known in advance.

A H=ft" A t
y J=fit) f i)
H fle ,/\J% fO=11)
; " ; >
cadlag function caglad function
(unforeseeable jumps) (previsible values)



A stopping time T is an application which gives the time of occurrence of an event, i.e

T: F — B(RY)

o — T(w)=t for we F,

More precisely, T is said to be a stopping time* or a random time if the event (T'=1¢) e F ,or
equivalently (7' <t) e F, . X, is called a stopped process, and it takes values X, (w) for

every we F.

Given a o -algebra G included in the o -algebra F, we recall that the conditional expectation

is the random variable defined by

VweF, E, (X | G)(w)=E, (X | w):Ep‘W(X) if weG
=E, (X | v_v)zEp‘W(X) if weG

where the probability p w is the conditional probability with respect to w, i.e

p(Anw)

VAEF, p|,(4) = p(4 w) = )

and where the expectation of X under p is the average weighted value of X, i.e

E,(X)= [ X(w)dp
Q

Remark that if we make the changing of variable X(w)=x,1.e w=X -1 (x), we obtain

E,(X)= [ xdp(X~ (x))
R

But

p(X L) = p(fw | X(W) = x) = p(X =x) = px (%)

* by reference to the definition of stopped processes used for the construction of local martingales.

10



px (x) is called the distribution of X, and if fy(x)=

dpjg( (x) is defined, it is called the
X

density of X (or the Radon Nikodym derivative).

In this case,

E,(X)= J-xdp(X_l(x)) = jxde(x) = Ix%x = J-fo(x)dx
R R R R

which is the usual definition of expectation with random variables which own a well defined

density. With choosing any random variable /(X)with /4 Borelian, and making the same

reasoning, we show easily the transfer formula

E,(h(X)) = [ h(X)(w)dp = [ h(x) fy (x)dx
Q R

A Fourier transform of a function (or a measure) f'is
F)= [ f(y)dy
R
and the Inverse transform is

_ L —i27xy 7
f@=- Hi e f(y)dy

The Fourier Transform of the density of a random variable is the characteristic function of the

latest. With denoting [y the density of the random variable X, its characteristic function is

By ()= E(™)= [ ™ fy (x)dx
R

Discounted prices are always modeled as martingales, as we can naturally think of the current
price of a stock at time ¢ as the sum of the futures market anticipations of the prices weighted

objectively in a unique way (within complete markets) knowing the information revealed until

11



this date. We remember that a process (X, ) is a martingale under the probability p (or a p-

martingale) if its value at time ¢ is its expectation at any future date t+s knowing the
information revealed until the time ¢, i.e

Ep (X | F )= X,

t+s

where £, denotes the conditional expectation under the probability p ’,

This is true only if the market actors agree for a unique perception of risk premium until they
have to give the same weight for the different scenarios. The probability with such a
distribution is called risk neutral probability. In almost all the cases, this probability differs
from the historical probability. Under this probability, discounted prices of assets are

martingales.

A complete market is a market where all sources of risks can be hedged perfectly, because of
the possibility of replication of all assets. In this case, we can prove assuming there is no
arbitrage opportunity that the risk neutral probability is unique (see [3]) . In an incomplete
market, there is infinity of risk neutral probabilities under which discounted prices of assets
are martingales. One has to use others criterions to discriminate between those probabilities.

We’ll develop this particular point in the part IV-C.

All stochastic processes used in the financial research are semimartingales. These are of two
types : the continuous one, also called It6 processes and the discontinuous one, in which we
find the family of pure Lévy processes (infinite activity process) and the jump diffusions

(finite activity processes).

We’ll see in the next part the reason why we choose this particular family of processes for

financial modeling, before going trough the study of Lévy processes and jump diffusions.

* This expression must in fact have a sense so we suppose that X, is integrable i.e E p(X)= _[ X(w)dp(w) <+
Q

12



Jump diffusions

(finite activity
processes)

= drifted Brownian

motions +

compound Poisson
xocesses

Semimartingales

Markov processes

Lévy processes

Pure jump processes
(infinite activity
Processes)

Drifted Brownian motions

It processes
(continuous
semimartingales)
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B- Financial modeling with semimartingales

Let’s suppose the market is composed of n assets, represented by the vector (S;) =

(S,I,S,Z,..‘,Stn) . Any strategy (®,) is a sequence of vectors ( <D1,<D,2,.‘.,®£,) which gives the

composition of the portfolio V; to which we apply the strategy at any time ¢, i.e

n
Vi(®) = Zd)fS tk = 0,5 with the usual notation of scalar product
k=1

A trading strategy consist to change ( CD},@%,...JI);) at any time ¢ by selling and buying

assets, without any external contribution of money. It means that the portfolio is self financed,

i.e financed only by the growth or the decrease of the values of the assets which compose it.

Let’s decompose the period of time [0,7] by discrete period of stopping times

to=0<f <..<t, | <t, =T to see what happens with the evolution of a self financed

portfolio in the discrete case. The only information available at time #; is F; . We let then

to=0<1f <..<t,_| <t,, =T be a partition of adapted random times which means that each

t; 1s F; -measurable.
1

Reasonably, an investor should not know in advance at period of time [ #;_y,¢; [ what happens
to assets prices during the period [;,¢;,1[, so he takes a decision to buy or sell assets for the
next period [7;,7;,1[ (strategy @, ) with the information provided by the period [#;_1,7;[ . At
time of transaction ¢;, the trader knows the new composition of the portfolio O, without

having any idea of the future evolution of assets until this moment. So he trades with the only

information provided by [#;_1,¢;[. If not, we can show very easily that strictly positive gains

are almost sure with a zero initial investment, which would contradict hypothesis of non

arbitrage opportunity.

Mathematically, it means that the trading strategy @, at time¢;, i.e D, , is F - measurable.

Thanks to this property, (D, ) is said to be a predictable process.

14



Thanks to self financing assumption, the portfolio value at time ¢ is the sum of the plus-values

made on the partition of random times plus the initial value i.e

k
Vi (@) =Vo(@)+ > @, (S, =S, )
i=1

We want now to generalize the stepwise trading strategy to a continuous one and give a sense

to the expression

I/t(cp):Vo(qn)+}c1>s_dSS
0

When taking the partition to the limit’, we see that the strategy ® ; deployed at the period of

time [¢ ,¢™ [ is defined at time ¢ with the information provided by the period [¢~,¢[.

By taking the limit at the right of the period of time [#,¢ [,

we define the strategy ®, which will be deployed in the period of time [¢ ,z¥[. So the
strategy d)t_ is equal to the strategy @,. By analogy with the discrete case, th is

Ft, — measurable .

®, is then predicted by @ o i.e the value of @, is defined at the time ¢~ by @ > ie
®t= ®t_ .

(Dy) is then a caglad process. So if we want to generalize the predictable trading strategy to

the continuous case, we must deal with caglad semimartingales.

Besides, the appropriate class of processes (®,)and (S;)we’ll work with which must hold

two fundamental properties of financial modeling :

6 sup|tk _tk—l| —0 as

15



- the martingale preserving property that guarantees that a portfolio of martingales is
still a martingale
- the stability property which guarantees that a small change in the composition of the

assets will lead only to a small change in the price of the portfolio

Martingale preserving property

From the discrete case, we can prove very easily the fact that if (P p ) is a predictable process

and §; is a martingale, then

k
V(@) =Vy(D)+ Z@tiil (St; at =St Ar) 18 a martingale.
i=1
This is a very important property, called the martingale preserving property. A portfolio of

martingales must be a martingale and though the property of martingales must be stable by

composition of portfolios with different assets.

k
Taken to the limits, V;(®)=Vy(®)+ > @ t,1 (St at =St a¢) might converge into
i=1

t t
o -.dS, =[®,.ds,
0 0

where (®,,) is a caglad (semimartingale) strategy.

We use in fact the following result

t
If (Dy) is a predictable process and (S,) a martingale, then j@t.dSt is a martingale.
0

But we guess intuitively that any cadlag semimartingale is the limit of a sequence of
predictable processes. Then we can extend the property above to cadlag semimartingales :

t
If (Dy) is a cadlag semimartingale and (S,) a martingale, then Id),.dS, is a martingale.
0

This kind of generalization doesn’t hold for this property only. It will be used implicitly in the

sequel to generalize results holding with (®;) predictable.

16



Stability property

Unfortunately, not all stochastic processes (®;) and (S, ) guarantee this reasonable property.

Small change of the composition of the portfolio ( a change in ®;) which lead to a small

change of

t
[®,.dS,
0

mathematically translates into :

If a sequence CD? of predictable strategies converges uniformly into © -

t t
then Id)? .dS; converges uniformly in probability into j@t.dSt )
0 0

The class of such processes that hold this property is the class of semimartingales. Even hard
to identify with the property above, semimartingales can be characterized by the (non) unique
decomposition into a finite variation process and a (local) martingale, a very technical result
that we admit here. So it comes in particular that every finite variation process and every
martingale are semimartingales. Besides, all Lévy processes are semimartingales : Poisson
processes, Brownian motions etc... In fact, all processes encountered in financial modeling

are semimartingales.

Let’s point out that if (.S;) is a (semimartingale) Markov process, or more precisely a Lévy
process, the stochastic integral with respect to (S;) with a predictable (or more generally

cadlag semimartingale ) process as integrand is not systematically a Markov process or a
Lévy process anymore. But it is still a semimartingale. That is the reason why we work with

this larger class of processes.

Semimartingales are the only framework for this kind of stability. They are more particularly

stable with stochastic integration, i.e the following property is valid for caglad
semimartingales (®;) :

t
If (S;) is a semimartingale, then fd),.dS, is a semimartingale.
0

17



Semimartingales provides a framework of stability under stochastic integration, linear
transformations but also other smooth non linear transformations like changes of measures
and changes of time. The product of two semimartingales is still a semimartingale (see [5]).

Financial modeling is then naturally performed within the frame of semimartingale processes.

18



C- Lévy processes and Brownian motions

A Lévy process (X,) is a semimartingale with independent and stationary increments,

t€[0,+oo[

left-continuous in probability, i.e. :

(1) (X,,, —X,) is independent from F, (F=0(X,,ust) AN )
(i1) (X,,, — X,) has the same law than X =(X, - X)) 7
(111) (X,) is stochastically right continuous, i.e

¥ ¢>0, limp(| X, - X, [>¢)=0 ’

Property (i)
The first property means that the evolution of the price in the period [z, #+s] doesn’t depend

on the past values of the process before the time t. In equivalent way, for every increasing

sequence of times (¢,,7,,...,¢,) Xy, X, -X,, X, -X,,..., X, -X, are independent random

variables. If a process holds this property, then it is said to be Markovian, or to be a Markov
process. Intuitively, a Markovian price process depends on the past only by the present, i.e if a

process is Markovian then

E(hX7) | Fy)=EhXr) | o(Xy))
If we know for instance at the moment s that X, =§ on4e F,1i.e
A=(X=8)={weF,X(w)=S}

then

E(h(X7) | F)XA)=EMh(X;) | X;=5)

7 By convention, X;=0.
¥ The stochastic continuity is different and weaker that the continuity almost sure. The continuity almost sure is
defined by p( lim X = X,)=1.

st

19



There is many application of this property. The most direct one is the demonstration of the
Black-Scholes formula for vanilla options (see annexes if necessary for the expression of

Xr)
C, =" T DEMXy) | Fy=e"TEMXT) | X, =9)

1
(U——=.o°)YT-t)y+oWp_
C,=e " TDEn(X, e 2 Y x,=8)

I
(u——o )Y T-t)y+oWr_
C,=e " T DEMn(Se 2 i

For a pay-off of a (borelian) type % :x — (x—K)", the demonstration of the Black and

Scholes formula is then possible with the manipulation of Gaussian variables.

Markov processes are used to model price paths because of an arbitrage argument in a perfect
market. At the moment s, all information of the past is contained in the price X of the asset.

If not, there will be an arbitrage opportunity because anyone can take a position on the asset

and wait for the market to react to the new information.

Property (ii)
The second property deals with stability in distribution of the process. It equivalently means

that for every Borelian function f, E( f (X;.s —X;)) = E( AX,)), where the symbol E

denotes the expectation, by the definition of equality in distribution. The equality X =Y in
distribution is equivalent to py (4) = py(A) or to the equality of the respective Fourier

transforms.

Property (iii)

With the process defined with property (i) and (ii) jumps can occur at both random times and
deterministic times so we add the property of stochastic continuity to exclude processes with
jumps times known in advance. The property of stochastic continuity merely means that
jumps occur only at random times: given a deterministic time of jump ¢, the probability of the
trajectory to be right-discontinuous in ¢ converges to 0 and so there is no jump. Jumps known
in advance can be regarded as calendar effects and do not match real evolution of the prices in

the stock market.

20



We can show that there is a one to one correspondence between a Lévy process and its cadlag
representation. So we could have defined without loss of generality Lévy processes as cadlag
processes with property (i) and (ii), the property (iii) being a consequence of the almost sure

right continuity’.

We need the following theorem derived from the It6-Lévy decomposition to make the link

between Lévy processes and Brownian motions of the theory of continuous semimartingales.

Theorem

Let (X,) be a Lévy process.
X, is a continuous process if and only if it is a Gaussian process (or equivalently a drifted

Brownian motion),

ie da € R and B, suchas X,= ot+ B;, with B, a Brownian motion of variance t.

The proof is simple starting from the Lévy-It6 decomposition (see annexes) and considering
that the discontinuous part must be null. Consequently, the only continuous Lévy processes
are the drifted Brownian motions. Though intuitive and very understandable, this theorem is
based on the Lévy-Itdé decomposition which is very technique and is at the core of the

construction of all Lévy processes.

We will now study in deep Poisson processes to go further with jumps’ modeling.

? The convergence almost sure implies the convergence in probability
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I1I- Mathematical tools for financial modeling with jump processes

A- Poisson processes and Poisson measures

Let N, a Poisson process with intensity A .

N,

Il
4

t

where (7)), is an increasing sequence of exponential random variables such as

0,+o0[
11 2

(T, —T,) are i.i.d. More precisely ', we can show that in this case 7, = Zz’i where (7,),,, 1s

i=0

an i.1.d sequence of exponential variables with parameter A .

N, = ZITkS means that the Poisson process (N, ) jumps by the quantity 1 every time7,
k=1

until the time 7.

Let’s define the random Poisson measure M such as for 4 < [0,7],
MA)=#{ k>1: T, € A} "

where # means “the number of”. M(4) is the number of jumps of the process N, in the period
of time A. M is defined as the jump measure of the Poisson process N,. This measure is

bounded (because of the finite number of jumps) and additive. We then have by definition

N, =M([0, 1)

' The indicating measure is the application from Q to {0,1} such as 1 4(w)=11if we 4 and 0 elsewhere.
" Thank you Willy for this remark !
21t of course means that M(w,4) =#{ k >1 : T, (w) € A} for wsuch as p(w)# 0
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We point out also that

N, - N, = M([0,¢t])-M([0,s])
=#{k21: T, [0} -#{k>1: T, € /[0, s]}
=#{k=1: T, e [s 1]}
=M([s 1))

which is a mere consequence of additivity.

By using this property on the subdivision ty=0<¢ <..<t,, <t =t,
n—1
N, = XMt —t)
i=0
By taking n — oo, i.e taking the subdivision to be infinitesimal,
t t
N, = [M(ds) (also denoted [dM (s))
0 0
t
which is the random variable w — N,(w) = j'M (w,ds) to which we associate the
0

random Poisson measure M :
QxB(0,7]) — R°
w,A4) — M(w,A)
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Poisson measure of compound Poisson processes

Let’s consider a process J, whose jumps’ size are Y, instead of 1 for simple Poisson

processes.
Nt
Jo=2Y
k=1
J, is called a compound Poisson process of jumps’ size Y, .

We want now the measure M(B) to be the total number of jumps of the process J, whose size

is equal to some element of B. Obviously,

Nt Nt +00
MB)=2 1y, e= 21y, eB- 1, <= 2 1y e 11, <t
k=1 k=1 k=1

M(B) can be considered as M([0,f],B), i.e the number of jumps of J, whose size Y, is equal to

some element of B for the whole period of time [0,¢].

Let’s define the Poisson measure M such as for A [O,t], B € B(R¥),

M, B)=#{ k>1:T, €A, Y, € B}

M is the number of jumps of the period of time 4, which sizes belongs to the set B. It is the

jump measure associated to the compound Poisson process J,.

For example, M([0,t], {x} )= #{ k=1: T, € [0,f], Y, =x} is the number of jumps of the

process J, in the period of time [0,f] whose size is equal to x.

By the same reasoning than for simple Poisson processes,

M([0.6], R*)=#{ k>1: T, € [0.4], ¥, € R*}

=#{k21: T, [0t} as Y, € R* is always true
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Then,
N, = M([01], R*)

= > M(t;, —1;,R*%) by left additivity
i=0
n
=2 XMt —t,xj0—x),) by right addivity
jeZi=0
= [ j;M(ds,dx)
R*

M(ds,dx) is the number of jumps of the process J, during the period of time ds whose

amplitude is dx.

Let’s end this section with a remark. We can see that the intensity of a Poisson process its

expectation per unit of time (per year).

E(N,)= E(M(R,[0,1]) = At = u(R) ¢

where p(.) 1is the intensity of the process. The intensity 4 of a Poisson process can be then

interpreted as the average number of jumps per year.

We know M ([0,¢],B) is a simple Poisson process for each Be B(R"), so we can define a

Poisson process M, (B) = M ([0,t],B) with variable intensity E(M,(B)) = u(B)t.

This concept is useful for the construction of Poisson processes. The reader can report to the

annexes for the construction of Poisson processes from a any Radon measure .
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Marked Poisson processes (*)

Consider now the process J = > F(T,.Y,) = Zf( wsYn)
LT, e[0.] n>1

J is said to be the marked Poisson process of the sequence (7},,Y,,),,>; where

a.s

- (T,) is an increasing sequence of stopping times with 7,, — oo (the moments of jumps).
n—»0

- Each value Y, is revealed at 7;, i.e each jump size Y, is £y —measurable .

The first condition is necessary to mean that for 7, <¢, the number of jumps is a.s finite in

the period of time [0,f]. The second means that the jump size is known only during the

moment of jump (unpredictability of jumps).

We need then to prove the following property

N, t
If J=Y f(T,.Y,) then J= j j £ (s,x)M (ds, dx)

n>1 RO

It is sufficient to prove this result for a stepwise function f; as every continuous function f can

be approached by a convergent sequence of stepwise functions f,, .

Let’s begin with a remark. Suppose that a function takes values a; ; on the set

[, ti 1 X[x ;. x 41, e f s a stepwise function  f(s,x) = ZZa” L, X)eltiotin X% % 1]
iJ

Then by definition, as for the construction of the Stieltjes integrals,

Hf(s X)M (ds, dx) = ZZa, Mt Ll 00)

R*

We assume now that f'is piecewise and takes values a; ; onthe set [#;,; 1[X[x;,x ;[

J=3 ST X)X, o,

n>1

J= Zf( v V) A7 oy er  (because 1y p is always equal to 1)

n>1
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J= Zf(]-;za}/;z)'l(Tn,Yn)e[O,t]xR a

n=1

Considering the partitions ( [x;,x;1[ )je;s of R,and ( [¢;,7;,4[ ) jes of [0,7],

J=2 (X2 ST Y) N, v, elts b [ % o )
nzl ieljeJ

And by changing the order of summing,

J= Z Z (Z f(TnaYn)-I(Tn,Yn)e[ti,tiﬂ[x[xj,xjﬂ[)
ieljeJ nx1

J= 2 2 (2 ai T, ) elty o Kx ox D)
ieljeJ nx1

J=2 2 a4 i (XN, v, elty b [ % o)
ieljeJ nx1 o

By deﬁnition, z l(TnaYn)e[tiatHl[x[x/7x/'+1[ = M([tl-,tHl[,[xl«,xl-H[ ), because it’s
nx1 T

the number of jumps whose size belongs to [x ;,x ;[ during the period of time [#;,#; [ .

So J=2 2 a i Mt LIxx000)
ieljeJ

and finally, by assuming the convergence

J= j j £ (s, %)M (ds, dx)

R* O

P lynp =lalp
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B- Construction and identification of jump diffusion processes

Let (X,) a cadlag Lévy process. We basically assume that the number of random times of
Jump is finite. If it were not, (X, ), ,..[ could not be a cadlag process and be right-continuous

at any point."*

Please note that from now on we denote lim X, = X = X, and AX, = X, - X, .

st

AX, is the amount of the discontinuous jump at time ¢ In continuous part of the trajectory,

we have obviously AX, = 0. The jumps occurs on [0,f] at times 7, , k € [0,n], which means

that Vk €[|0,n]], AX, = X, - X #0.

Let N, = #{kwith AX, # 0 and 7, <t} =#{s € [0,t] suchas AX = 0} where # denotes
“the number of”. N, is the number of jumps occurring in period [0,¢], and the random times

T, are the times of jump.

The random times are increasing, and identically independently distributed (i.i.d) of
exponential law with some parameter A, as we can prove that the time of occurrence of an
event which probability of occurrence is uniform in a given interval follows an exponential

distribution.

N, , the total number of jumps is then naturally

T8

L7, <o)
1

so it’s a Poisson process of intensity A

By obvious summing and taking a subdivision ¢, =0<¢ <..<t , <t =t,

- n

" In fact, we will see in the annexes that X ; can still be a Lévy process if there is an infinity of jumps whose
size is around 0. The right condition is then : there is a finite number of jumps whose size is not close to 0, for
example greater than 1. The reader can report to the annexes in the Lévy-Khinchine section for more details.
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n
X, = 2 (X, X, )+ X
k=1

We separate the sum taken with n — oo into two parts : the left continuous part where

Xt _thfl n—oo

k

and the jumps occurring at random times (7} ), ,; Where

By takingn — oo , i.e taking the subdivision to be infinitesimal, we obtain

- the continuous parts of X, is equal to some expression denoted X tC

N,

I3
- and the discontinuous part to Z AX 7, where.
k=1
c .3
Thus we have X, =X, +YAX,
k=1

The continuous part of X, is obviously a continuous Lévy process. It can be then expressed as

a drifted Brownian motion, i.e
3 (y,0)e RxR" such as XtC = yt+0.B,.

The discontinuous part is then a compound Poisson process J;

Nt
J, =D AX,
k=1
Let’s denote Y} = AX7 , jump size of the distribution X,. Then J, is a compound Poisson

process with jumps’ size distribution (¥} ) kelo,n]> e
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Nt
J, = ZYk
k=1
Hence, we have constructed a cadlag Lévy process, in which a finite number of jumps occur
at random times, called also as a jump diffusion

X, =yt+o.B,. +J,

Conversely, we often model under risk neutral probability the dynamics of the logarithm of

prices of an asset with the jump diffusion

X, =yt+o.B,. +J,

where B, is a Brownian motion and J, a compound Poisson process of jumps Y;. See section

IV for a direct application with the model of Merton.
Unfortunately, we don’t have the equivalence with the representation of all Lévy processes.
The interested reader can report to the annexes to see that any Lévy process can be

decomposed rather with subtracting additionally the expectation of the jumps smaller than 1

in absolute value

N, N,
X, = yt+0B, + Y AX; -E( 3 AXp D zx, (<)
k=1 k=1
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Marked point processes and jumps measure representation of X,

Consider the random measure

M=3Yr v,
n>1

ie V (4,B)c[0,]]xR", M(4,B)= 3 \(1, cay,cB) -

n>1

The process takes the value 1 if there exists a moment 7, such as the size of jumps is in the

range B during the period 4. So it merely counts the number of jumps in the period 4 whose

amplitude belongs to B.

We denote J y the jump measure associated to the jump diffusion
Nt
X, =yi+0.B + Y AX;
k=1
i.e Jy is associated to the discontinuous part of X,, which is the compound Poisson process
Nt
J, = D AX,
k=1

Then M(ds,dx) defined in the precedent sections is precisely J y (ds,dx), the number of
Jjumps of X, during the period ds whose amplitude is dx, . The application J y is then called

the jump measure of X, and is equal to the Poisson measure of the compound Poisson

process J; .
Jx (W, 4,B)= 2 \(1, (wyed,AX, (w)eB)

nx1

and in particular Jx W,[0,¢],x) = > L7 (w)ef0,11,AX , (w)=x)
nx1

AX  #0
and so Jx ([0,1],x) = > l(s,Ax, =x)

s€[0,¢]

J x 1s clearly the number of jumps between 0 and # whose amplitude is equal to x.
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With keeping in mind that

t
Jx (10,41, B) = [ [ J x (ds,dy)
0B

we consider now the process of the form (marked point process)

J = Zf(TnﬂYn)

nz1,T, €[0,]

We showed

J={ [ f(s,).M(ds,dy)
oR"

With setting f(7,,,Y,,)=Y,, we can see that compound Poisson processes can be represented

as follow

N, ¢
Ji= 2AXy = [ [ vy (ds,dy)
k=1 OR*

So we can represent any jump diffusion as follow

t
X, =yt+o.B + jjy.JX(ds,dy)
0R"

More generally, any Lévy process can be decomposed as
t t
X, =yt+o.B + j j vdy (ds,dy)-j jy.v(dy)ds
OR" 0 ‘x‘ <1
where we used the Lévy measure v defined in the next section and the jump measure J y of

X

te
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C- Lévy measure and compensated martingales

We introduce in this section the definition of the Lévy measure which is at the core of the

famous Lévy-Khinchin formula'® and the construction of all jump processes.

Let (X;) bea Lévy process onR.
The measure v on R defined by
V Be B(R), v(B) = E#{t €[0,1]: AX, # 0,AX, € B})

is called the Lévy measure.
This measure is clearly linear with respect to the time.

E#{t €[0,2]: AX, # 0,AX, € B)) = E(#{t €[0,1]: AX, # 0,AX, € B))
+ E#{t €[1,2]: AX, # 0,AX, € B))

E#{t €[0,2]: AX, # 0,AX, € B)) = 2.E(#{t €[0,1]: AX, # 0,AX, € B))

v(B) is the expected number, per unit of time, of jumps whose size belongs to B. In practice,

one unit of time is one year in finance modelling. So the average (the expectation of the)
number of jumps whose size belong to B for a period of time ds is v(B)ds. For instance, the

average number of jumps whose size belongs to B for one month is

1
EV(B)

We see then clearly that by definition

E(M(ds,dx)) = E@#{t €[0,ds]: AX, # 0,AX, € dx}
E(M(ds,dx)) = E#{t €[0,1]: AX, # 0,AX, € dx}. ds
E(M(ds,dx)) = v(dx).ds

!> We give an intuitive demonstration of this formula in annexes with a pedagogical aim to help the reader to go
further with modelling with jumps
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t t t
Then IE(M(ds, dx)) = E(IM(ds, dx)) = E(M([0,t],dx) = .[v(dx)ds = tv(dx)
0 0 0

We obtain then E(M([0,¢],dx) = tv(dx)
Let’s work now only with jump diffusions of the form
X, =yt+oB, + J,

and let M be the jump measure of X, i.e M([0,7], dx) is the number of jumps AX;, of X,

whose size belongs to dx in the whole period [0,f] , i.e

Nl
M([0,7],dx) = 2. Laxy, eanl(z; <0)
k=1

Nt
M([0.1].dx) = ¥ 1(ax, edv) 1
k=1

Let’s denote Y; = AX7, , and F'the distribution of the jumps Y} , then

N,
E(M(10,11,d%)) = E( 3. Lax, cdn)
k=1

o0 N;

EM([0.0.de) = 3 ECS [axy can)| Ny =mpN, =n)
n=0 k=1

EM(0.0.d) = 3 E(Y Laxy can)p(V, =n)
n=0 k=1

By independence of the jumps Y},

EM(0.0.d)= 3 3 Ellax, can)p(V, =n)
n=0k=1

And remembering they are 1.i.d of distribution F,

as (k< N;) is equivalent to (7}, <¢)
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EM(0.0,d0) = ¥ ¥ p(AXy, ds)p(N, =n)
n=0k=1

EM0.0.dx) = 3 3 p(Yy ed)p(N, =n)= 3 (kiF(dx»p(Nt ~ 1)
n=0k=1 n=0 k=1

E(M([0,1],dv)) = F(dx) 3 np(N, = n)=F(dx)E(N,)
n=0

E(M([0,¢t],dx)) = AtF (dx)
So we obtain an important property thanks to
E(M([0,t],dx)) = tv(dx) = AtF (dx)

The Lévy measure of a jump diffusion process is equal to the intensity of jumps by the

distribution of the jumps i.e

v(dx) = AF (dx)
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Characteristic function of a compound Poisson process

This is a particular representation of Lévy processes when the activity is finite, i.e the number
of big jumps is finite. The following formula holds in fact for the Lévy-Khinchin formula for

compound Poisson processes.

Let X, be a compound process of intensity A and jumps’sizes Y; of distribution F, i.e

p(¥; € )= [dF (x) = F(4)
4

then

iux_l d ﬂ, iux_l F(d
P L B i

In effect, with denoting F' the characteristic function of Y,
Ny
E(eiuXt ) — ZE(eiukaYk | Nt — Vl)
n
n ing

X1y = ZE(eiukaYk )p(N, =n) = Z(kl__[1 E(e  )p(N;=n)

E(@"¥ )= Y (E@E™ )" p(N, = n))

n

By = ‘”Z(F( % (/U) (G o= AE ()

With remarking that jF (du)=1,
R

e = Py _ AT
. t2(] (€ ~1)F (dx)
E(eluXt ) —e R

The Lévy-measure of the compound process X, being v(dx) = AF(dx), then

, 1([ (" ~Dv(dx)
E (el”X ‘)=e R
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Compensated martingales

Let’s begin with an example. Consider N, —Ar where N, is a Poisson process with

intensity A4, and let’s take the filtration Fy = o(N,,,u <s).

Then

E(N, -2t | Fg)= E(N, | Fy)+At = E(N; = Ng)+ Ny | Fy)+ At

E(N, -2t | Fg)= E(N, - Ny | Fo)+E(Ns | Fy)+At

with considering that N, — N, is independent from F, and considering that Ng is Fj-

measurable. So

E(N; -2t | Fg)= E(N; —Ng)+ N+ At=A(t—s)+ At + N

= Ny —As
N; — At 1s then a martingale called the compensated martingale with respect to N, .

Moreover, we can see trough this example that every Lévy process minus its expectation is a
martingale, as we used only arguments of stationarity and independence of increments. In

effect, Ar is merely E(N;) and we have demonstrated implicitely that N, — E(N;)is a

martingale. We have then the following property.

For every Lévy process X, ,

X, — E(X,) is a martingale called the compensated martingale of the process X,.

Besides, (X, )2 — E(X,z)is a martingale.

Consider now a marked point process of the form

t

J=  Xf@uY) =[] fs.0)M(ds,dy)

n>1,T, €[0,1] oR"
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By linearity, we have

EW)= [ [ f(s,)EM (ds,dy)
OR"
We have seen E(M(ds,dy)) = v(dy).ds

Then E(J) = j j (s, y)v(dv)ds
0R"

So we obtain that
[ [ £Gs.).Mds,dy)= [ [ £(s,p)v(dy)ds
0R" 0R"

1s a martingale.

Nt
In particular for a compound Poisson process J;= >.Y; ,
k=1

Ji=EU)=[ [ vIx(ds,dy) =] [ »F(d)=] [ y.(Jx(ds.dy) - AF (dy))
0R" OR" 0R"

is a martingale which we can express in a simpler form. In effect, let’s assume

EY,)=E)= k . Then J; — Akt  isamartingale

In effect,
EU)= 3 E(SYOp(N, =m= 3 (S ET)p(N, =n)
n=1 k=1 n=1 k=1
Y, arei.idso
SEY,) - nEY)
k=1
Then
E(J,) = E(t) Snp(N, = n)
n=1

E(J;)= E)E(N,)=EY,)At = kAt
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III — Stochastic calculus for semimartingales and jump diffusions

A- A brief review of Ito formula for continuous semimartingales

We denote obviously Ito processes

t t
S; =So + [ p(s,Ss).ds + [o(s,Sg).dWy
0 0

or, by obvious summing

t t t
des = j,u(s,SS ).ds + IG(S,SS).dWS
0 0 0

with the simplified “differential notations”

In order to make the ideas clear, let’s remember that a continuous semimartingale (also called
an Ito process) S, has a general form
ds; = u(t,S;)dt + o(t,S,).dwW, (1)
with 4 integrable and o square-integrable (i.e € I? (Q)'"), we have for any bounded
function f C Uin time and C?in space,
art,S;)= f;'@®,S;).dt + ' (t,5;).dS, + %.f"xx (t,S,)d <S,8>,

where we use the abbreviated notations

C oY) o Of(tx) w82 f(t,x)
Ji = ot a= ox and [xx = ox?

The predictable variation < X,Y >, is the only increasing process such as X,Y;—< X,Y >, is

a martingale. So the predictable variation <S§,S >, is the only increasing process such as

A (Q) is the Hilbert space of square integrable random variable with the norm

X1 = [ 2 (w)dPw) = E(X?)
Q
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Stz— < 8,8 >, is a martingale. For Itd processes, the quadratic variation d < §,S >, is the
process

d<S,S>=c>(t58,)dt.

The reader can check this result with manipulating
d<S8,8>,=<dS;,dS, >

as a bilinear form, and considering that the scalar product of two deterministic functions and

the scalar product of a deterministic function and a Brownian motion is null.

d<S§,8>,=<dS;,dS, >
d<S,8> =<u,S)dt+o(t,S;).dW,, u(t,S;)dt+o(t,S;).dw, >

d<8,8> =u*(t,8,) < dt,dt >+05%(t,8,). < dW,,dW, >
+20(t,8,)ut,S,) < dt,dW, >

d<S8,S> =c2(t,8,).<dW, dW, >

Knowing Wtz—t is a martingale, we conclude that <W,W >,=<W,,W, >=¢t and so

d<W.,W >,=<dW,,dW, >=dt.

We obtain then, the famous It6 formula in time and space for continuous semimartingales of
the form :

1
A1) = [0SOt + [ (S S+ f o (507 (1.5t

and the It6 formula in space for bounded C? functions f":

df(S¢) = f'x (S)dS; + %-f”xx (S).0% (&, S, )t

The readers who desire to recall how to use this formula can report to the annexes for a little

application.

We’ll use in this paper the Itd6 lemma in the case where §; depends on two Brownian

motions. For instance, we typically have for stochastic volatility models
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ds,

t

= 1(S,.0dt + o (V,,0)dw,

dv, = p(S,V,t)dt + q(S,V,t)dW?

with <dW},aw? >= par **

S; depends here on ¢ and on V; and any derivative written on S, will depend on ¢, §; and

Vy.

So suppose now that a any vanilla derivative C written on S, is a function of # and S, like in

the one dimensional case, and also V; (which means implicitly that S; depends itselfon V7}).

Let’s denote it C(¢,S¢,V;) .We have then for any such function C : (t,x,y) - C(tx,y) C L2240

time and in 2-dimensionnal space the 2-dimensionnal It6 lemma

dC(t,S;,V;) = a—cdt+a—CdSt +a—ch,
ot ox

oy
2
+la—c<dS,,dS, >
2 ox?
2
+ oc <dS,,dv, >
Oxoy
2
+la—c<th,dV, > P
2 oy?

'8 b is called the correlation coefficient between the two Brownian motions, because here the predictable

variation is equal to the square variation, which definition is the covariation of the two processes. See I1I-B.
: . - 102

' The term in the third line of the equality is equal by symmetry to ZEZ—aC <dS;,dv, >

xXoy
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B- Basis of discontinuous stochastic calculus

Let’s begin this part with a very technical result, derived from the decomposition of Doob-
Meyer. We know that in the continuous case, the decomposition of a semimartingale into a
martingale and a process of finite variation is unique, but this result doesn’t hold anymore for

discontinuous semimartingales .

We only have the following result which allows us to introduce the concept of continuous part

of a semimartingale.

If X, is a semimartingale, then there exists processes such that
X, =Xg+ XE + M+ 4,
where X tC is a continuous local martingale, M td a purely discontinuous local martingale

and A a process of finite variation. This decomposition is unique with respect to X ,C , called

the continuous part of X, .

A local martingale is said purely discontinuous if and only if for every continuous local

martingale M ¢ , M Cis orthogonal to M d (ie M C M7 s alocal martingale).

We won’t use in deep this technical theorem. We use this property only in the frame of jump

diffusions. We know perfectly the form of the continuous part of (X;) when X, is a jump

diffusion, and the continuous part of jumps diffusions is intuitive and comprehensive. In
effect, if X, is of the form
Nt
X, =yt+0B + Y AX,
k=1

then X tC = yt+o.B,

The quadratic variation is assimilated to predictable variation in the continuous case. We see

often the definition
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n
— 1; 20
Xpd> = lim 3 (X, =X )0, <T)

with the limit taken in the sense of L? convergence, but in fact it’s rather the definition of the

quadratic variation.

For instance, we often define in the continuous case the classic predictable variation of the

n
Brownian motion as the square variation of the process . (B,k+ X —B,k )2 which converges

k=0

on L2 in¢.

Remark use the notation < X >, or < X, X >, to focus on the fact that it’s a process, but it is
of course can be considered as a bilinear form (X,,Y;) = < X;,Y; > where the scalar product

between two finite variation processes and between a finite variation process and a Brownian

motion is zero .

When we deal with (discontinuous) semimartingales, we must take into account this square
variation (“crochet droit”) as a different concept from the predictable variation (“crochet
oblique”™).

n t
[Xay][ = llm z (th+1 _th )(Ytk+1 _Ytk)z E[[dXSWdYS]

n—=0 =0

We can remark that this definition is valid almost surely for a probability p , so it’s also valid
for another probability q which is equivalent to p. Hence, the square variation is independent
from the probability q chosen , with the only condition that this probability must be equivalent
to the initial probability. See the demonstration of the theorem of Girsanov in IV-B for a

direct application.

% Remember that we take #, =¢ and that n — +oo is equivalentto o — 0 where o =sup |z, —, |
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Let (X,) and (¥;) be two semimartingales processes. We denote from now on X ,C and Y,C

the continuous part of X, and Y, . By remarking that
Koo =X )Wy Yo ) = Xy Yy =X Y 7Y (X =X ) =X (o )

We obtain by summing and taking the limit,

t t
X001 J= X8, - ol - X _a, -], _ax, 0
0 0

In particular,

t
[XaX]t: XtZ_Xg —2[X _dX
0 N

We have also demonstrated thanks to this equality the differential calculus rule
d(X,Y,))=X,dY, +Y, dX, +d[X,Y],

We have the relation between the quadratic variation and the predictable variation by splitting
the jumps and the continuous part
_ Cc yC
RERARIPANASED WO NIVE
s<t
As quadratic variation is equal to predictable variation for continuous semimartingales, we
obtain :
[Xt’Yt] = <XtC’YtC>+ ZAXSAYS
s<t
We obtain then this very intuitive result: the total quadratic variation is equal to the

predictable variation of the continuous part plus the jumps which are unpredictable.

Let’s recall another important property of predictable variation to end this section

t t
if X, =[®5dM then < X,X >, = [®2d <M >, *
0 0

*! M is here a continuous semimartingale. We use the notation d < M >,=d <M, M > .
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This property holds then naturally for caglad processes in the form,

t t
If X;=[®gdM then < X,X >, = [®2d <M >
0 0
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C- Ito Formula for semimartingales and applications for jump diffusions

Let’s begin this part with an intuitive result. We consider paths (or functions) ¢ — X, (w) or
equivalently a stochastic process (X;) without Brownian component, where paths are a.s

piecewise and continuous on the classical partition of [0,7], with ¢, =0 and ¢, =¢.

Beside, let’s define X(¢;,;)= X t+ 1 2 (X ;) 1s then clearly a (discontinuous) cadlag process
i+

to which we can apply classic (non stochastic) differential rules in its continuous part.

We assume the process is the sum of its continuous part and its discontinuous part to focus on

what happens at points of discontinuity. Such process would be represented as

X, =X + ¥ AX, where AX, =X, -X,

it <t

We have for any smooth C ! function f

n—1

XD AX) = Y (F(Xp a) = S (X )
k=0
n—1

XD H(Xo) = 3 (f(X,, )= (X))
k=0
n—1

XD H(Xo) = 3 (f(X,, )~ f(Xi )+ (X )= f(X,)
k=0

i+1 i+1 i+1

n-1 n—1
f(Xt)'f(XO):kZ (f Xy, )= S(Xp )+ kZ (f Xy, )= (X))
=0 =0

Replacing X t by X ,7 +AX t;» We obtain

n n—1
XD S Xo)= 2 (S +AX, )= FA)+ B (TG )=f (X))
=1 =0

22 We use this notation instead of X .
i+l

B 4y=0and 1, =t
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The process (X,) is continuous on [#;,t;,;[ or equivalently on [#;,t;,], ** then f{X g)1s

continuous on this interval, and we can write then

liv]
)= (X)) = [f'(Xg)dX,

L

ACe%

i+1

thanks to the analogy with the classic differential property 2

F(g() - f(g(s)) = I £ (g@)g (w)du = J £ (g(uy B dg (”)

t '
f(g®) - f(g(s) =]/ (gu)dg(u)

As this property is true when (X;) is continuous on left points,

n— 1t1+1

z X )1 = BT ydx €

kOt

Let’s make now the changing of variable X; — X, so dX SC — dX SC by translation,

t,-—>,-+andt,+1—>t+l,then
n-1 n— 11+1
XX, )-fX =X [ /Xy )dx &
k=0 k=0 ¢,

With using the right continuity of the process,

t
Z X )= )= £1(x5)dax e
0

we obtain

t
JXD) A(Xo)= z X ) =S X )+ [ (X;)dx €
0

* (X ;) is continuous on [t;r,tl. 41180 is continuous on [7; ,7;,,] thanks to cadlag property then dX; = dX SC on

[t 2]
* Remember that X, is non derivable so the derivative of X, doesn’t exist
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n t
ori.e f(Xt)—f(XoFkZ(f(th.)—f(th))+ [rxyaxy
=1 0

Replacing X t by X ,7 +AX t,» We obtain

n t
fX)A(Xo)= 3 (f(X; +AX, )= f(X7 )+ [ f(X7)dxE
k=1 0

Let’s remark that

AX %0

kf X7 +AX, )= f(X7) = 3 (f(X5 +AX,)~ f(X7)
=1 s<t
Then we obtain the formula
AX #0 t c
AX)AXo)= 2 (f(Xg +AX )= (XN + [f1(Xg)dX
s<t 0

which is in differential notations

df (X,)=(f (X5 +AXy)— (X)) + f1(X7)dXf

Starting from
n—1 t
XD A0 X)= Y (fli Xy, )~ [ X0) = [df (5, X )
k=0 0

we can obtain with the same reasoning the formula in space and in time

df (t, X)) = [t X )dt+ fo(t, X)X E + f(6, X7 +AX,) = f(t,X7)

We can go further by remarking that

dX, = dX& +AX,
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In effect, at a moment of jump, dX =AX,. At a moment where there is no jump, AX; =0

so dX; =dX SC . Then with replacing ** dX SC with dX; —AX; when AX  # 0, we obtain

the Itd6 formula in space for cadlag processes without Brownian component in their continuous

part :

AX ( #0 t
AX)AXo)= Y ( f(Xg+AX )= (X)) - AX f'(X7) ) +[ /(X)X $
s<t 0

In differential notations, we have a very intuitive result
df (Xy)= f'(Xp)dX, + f(X, +AX) = f(X, )= AX, f'(Xy )

It means that in point of continuity, i.e where AX,= 0, the increasing of df(X,) is
S'(X;)dX, . In discontinuous points, where AX, #0, dXSC =0. Then dX  —AX{=0 and
S (X )dX, —AX,f'(X;) = 0. Thus we have in points of discontinuity ¢ df (X;) =

S(Xy +AX )= f(Xp).

With the same reasoning, we can prove the It6 formula in space and time for any Lévy

process without Brownian component , with any function C Ll in time and space
A (X)) = f( X))+ [, X)X, + (6, X7 +AX) = f(6X)=AX, (6, X))
with merely using the differential rule in two dimensions

df (X)) = f; (4.X,)dt + £, X, )dX ]

on intervals where X, is continuous.

%% This is valid only if for jumps diffusions where the continuous has a trivial form.
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General Ito formula for semimartingales

We tackle now the case of general semimartingales. In intervals of continuity, the increasing
of f(t,X;) is no moref,'(t,Xt )dt + f);(t,X, )dX, . We have to use It6 calculus for

continuous semimartingales to determine df (¢, X,) on intervals where X, is continuous.

To do so, we consider again a stochastic process (X,) where paths are a.s continuous on

1t;,t; 41[ on the classical partition of [0,7], with 7y =0 and ¢, =¢ with the additional property
X(ti)=X t+
i+l

to make it a (discontinuous) cadlag process.

We have for any smooth C 2 function /, like in the precedent section,

i+1

n n-1
HXDA(Xg) =3 (f(X, +AX, )= f(X D+ X (fF(X, )= (X))
k=1 k=0

Let’s remark that

n

-1
(f (X,
=0

t t
) - f(Xo N =[df (X)) =[df(X) 7
k 0 0

having X, left continuous by definition then continuous thanks to cadlag property.

Then
AX 20

t
AX)AX)=[df(XO)+ X (f(X; +AXg)— f(X})
0

S<t

And in differential notations

df (X)) = df (X)) + (X +AX,) - f(X7)

" Remark that X' ; is left continuous by definition so it’s a continuous process thanks to cadlag property. Then

we have X, =Xtc_.
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We have in the other hand on intervals where X, is continuous

i+l 1l
j fx(Xs)dXs +5 j fxx(Xs)d[Xs’Xs]
t; t;

1

t
FX7 )= f(X,) =

iy , liv1 "
S D= FX )= [ fo(X)dXE += [ fo(X)d[XE XE
t:

i £

1
2
After changing variable X — X and summing, it gives

XY= XD+ foe XX X
So we obtain

df (X)) = [ (X])dX +%f;; X)X E X1+ (F(XT +AX,) - f(X7))

With replacing dX ,C by dX, —AX,, we obtain the famous It6 formula for semimartingales in

space,

df (X;) = f(X])dX, + %f;; X)X X1+ (X7 +AX) ~ fF(X])=AX, f(X] )

Starting from
n—1 t
i X)A0X0)= X (Flt131:X,, )= 652X ) = 5. X,)
=0 0

we can obtain with the same reasoning the formula in space and in time

df(X) = df (X )+ f(X] +AX) = f(0.X])
As It6 calculus in 2 dimensions on continuous parts of X is typically

' ' 1 il
df (t, X;)=f; t, X, )dt+ f,.(t, X, )dX, +5fxx(t,Xt)d[X,X],
we obtain the famous It6 formula for semimartingales in time and space

PUX) = FOX XX 2 fa XXX

T SGX FAX ) - f( X ) AKX )
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where d[X,X ]tC d[X p ,X Jl=d<X ¢ >, 1s the derivative of the quadratic variation of

the continuous part of X, .

In explicit notation, the It6 formula for semimartingales is

16, X,) 10, X )= j (sX )ds+jaf(sx )dX +1ja f(sX V[ x, x1¢

0 x

AX #0

+ 2 (X)) = [, X )= AX (s, X))
s<t

Please note that this intuitive demonstration of It0 formula in the general case of

semimartingales is rather a way to remind It6 formula quickly than a demonstration because

of the divergence of the sum

AX #0
2 ([0 X)) = f(s, X))

s<t

in the case of an infinity of jumps. So the expression f(¢,X; +AX,)— f(¢,X; ) used in our

demonstration is not defined in the case of infinite activity Lévy processes.

For a less intuitive but correct demonstration, we must rather show the convergence

16, X)) -10, Xo)—>j (SX )ds+t@( X7)dx, +lja f( X7)d[X, X1,

0 0 x
AX , #0 2
FY (X - f X = L, =L s, a7 )Axd)
s<t X ox

thanks to a second order Taylor expansion and conclude with a particular property of the

quadratic variation we showed in this chapter

[XtaXt]z[XtCaXtC]Jf ZAXSZ

s<t
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Application to jump diffusion processes

We assume
t t N,
X, =Xo+[byds+[ogdW, + > AX;
0 0 i=1

with b, and o, non anticipating % brocesses

Nt
With denoting Z, = > AX; , we have with differential notations,

For any function f C L2 the process f(¢,X,) can be represented as follow

f(t,Xt)-f(O,Xo)zj (sX )ds+j ( Xy )bgds + jaf(sX Yo dW,
0

82f AX ¢ #0
5 (8, X )ds + > (f(Xy +AX ) - f(Xy))

s<t

t
+lj
2%

In differential notations,
' ' _ ' _ 1 "
df (t, X;)= f; (6, X, )dt+b, [ (t, X, )dt +o,f(t, X, )dW,+ Eatzfxx(t,X,)dt
TG X +AX ) - F( X))
In effect, from the general formula
1 1 1 "
dft,X,) = S X e+ (X AKX+ fo (X)X XY

T GX FAX ) - f( X ) - AX (X )

with replacing dX; — AX, with dX

2 It is merely another formulation for adapted processes
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' f _ 1 " _
df(t.X,) = S X )+ fo(t, XWX+ Fo XD XTE
X +AX ) - f X )
We use the fact that
dXC =b,dt+oc,dW,

And the equality
dixC, xE1=1ax ,dx =< b,dt + o, dW,,b,dt + o,dW, >

diXC,xE=cldt

The conclusion is then trivial.
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IV- Incomplete Markets’ Modeling
A- Principles of pricing

The markets are supposed incomplete, which means that there are sources of risks that can not
be perfectly hedged. Assets’ prices are supposed ruled by a dynamic based on a constant drift,
jumps and stochastic volatility. Incomplete markets are due to the fact that jumps and
stochastic volatility are not traded in markets so we cannot set a portfolio perfectly hedged

with derivatives written on these stocks.

There is an equivalence between the existence of the risk neutral probability and the absence
of arbitrage opportunities. We will suppose then that the market is free from arbitrage

opportunity (no free lunch).

Since there is another equivalence between completeness of the market and uniqueness of risk
neutral probability, there is an infinity of risk neutral probabilities (called also martingales
measures) under which discounted prices of assets are martingales in the frame of incomplete
markets. So we must provide any incomplete model with the chosen martingale measure we’ll

work with.

Once the martingale measure Q is determined, we use it to calculate the premium on

derivatives written on the stock.

Typically, the premium of an option written on S, with payoff A(Sy)is :

C, =C,8) = e T VEy (h(Sp)| F))

If the distribution of §; is known in a closed form, then we can compute directly the

expectation like in the case assets’ prices follow Black Scholes diffusion, or like in the

Merton model.

Since Black & Scholes, we know that the premium of a derivative is the price of the hedging

portfolio of the latest. Then by deriving the diffusion of the semimartingale S, with It6
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formula for general semimartingales, and with using some classical arguments, like that the
hedging portfolio must return a risk free rate, and using the fact that there is no arbitrage
opportunity with the martingale property of discounted price of assets, we can deduce the risk
neutral PDE (Partial Differential Equation) followed by the derivative under the risk neutral
probability.

But unfortunately, this PDE is rarely directly solvable (so no closed formula is available) and
we almost all the time need numerical methods to approximate the solution. These are
provided by numerical simulations, but the time of calculus is often long and do not permit to

price correctly all the derivatives with a reasonable precision.

Another choice is to solve the PDE followed by the characteristic function of the logarithm
price of the underlying instead of solving from the PDE followed by the premium of the
derivative. We can then obtain sometimes a closed form of the characteristic function of the
asset price, and then a semi-closed form formula of the premium of the derivative by

numerical approximation of Inverse Fourier transform.

Today, a model is considered efficient if it leads to closed form formula of the derivative, or

at the limit to semi-closed form formulas. This is our particular topic with the jump diffusions.

In effect, with most of the jumps and stochastic volatility models, a closed formula of the
Fourier transform of log.S, is available. We will see in the next chapter an application in the
frame of pricing vanilla European options. Before tackling the models, additional sections on

probability changing, risk free portfolios and martingales identification are fundamental to

recall.
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B- Mathematical tools for probabilities’ changing

Equivalence of probabilities

Two probabilities Q and P are equivalent if they preserve the equalities in the almost sure

sense i.e if they define the same set of negligible events,

P~0 & VY AeF PA)=0< O4)=0

Changing of probability

This concept is very intuitive. Consider the calculation of the expectation of X under a new

equivalent probability Q, that we want to express in function of the probability P.

Fo()= [X(naQ0n = [ X( )(ZQEW;)dP(m
If we denote the L(w) = f{g((W; fJIQD (w) then

Eg(X)= [ X(wW)L(w)dP(w) = Ep(XL)
Q
. . e, dQ o . .
L is then the so-called changing of probability P (or probability density of Q with respect

to P).

Conversely we can choose any random variable to be a changing of probability with setting

the new probability O hold the condition dQ = LdP .

The only condition to respect is that

Ep(L) = [L(w)dP(w) = [dO(w) = Q(Q) =1
0 0

So we can define any changing of probability from a probability P to a new probability Q

with merely choosing a random variable L with expectation 1 under Q.
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Bayes Formula

Ep(LX | F)
Ep(L| F)

For a given o -algebra F, with defining L = Z—g we have Eg(X |F) =

In effect, VA e F,
Eg(X | F)A)=Eg(X | A)=Ey y (X) = gj} X(W)dQ(w | A)

[1yea X(W)dO(w) [ X (w)dO(w)
A

dQ(WﬂA) Q
Enh(X | F)(A)=|X = =
o | P)A) !2 0 0(4) [dO(w)
A

[X(W)L(W)dP(w) [ X(W)L(w)dP(w A)
Eg(X | F)(4)=4 =<

J'L(w)dP(w) J'L(w)dP(wm A)
A Q
| X(w)L(w)dPgZ;)A) [ X(W)L(w)dP(w | A)
Eg(X | F)(4)=* =L
_[L(W)M IL(W)dP(W | A)
0 P(A) Q

Ep(XL | A) Ep(XL | F)(4)

Enh(X | F)A)= =
o | P Ep(L| A Ep(L| F)4)

The most direct application is the following. Suppose you define with the probabilities

o(. | Fr) and P(. | Fr) the changing of probability

dQ d F
L= e Ly =220 D)
dP\r, dP(w | Fr)
Ep(Ly X7 | F,
then Eo(Xr | F)= pdrXr | Fy)

Ep(Ly | F))

Let’s recall the Girsanov theorem to end this section. We won’t really use directly this

theorem it in this paper but its importance in the reasoning makes it indispensable to recall.
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Girsanov theorem (*)

If W,P is a Brownian motion under P, then with the changing of probability

do g do(w | F
Ly :—‘ L ie  Ly(w) :—Q( | r)
dP\r, dP(w | Fr)
T 1 T
[6,awf - [62ds
with defining % Ly =ef 0 < +00
and Ly=Ep(Ly | F)  for t<T

then

t
we =wpF —[6,ds
0

is a Brownian motion under Q

We begin the demonstration by remarking that L, is a martingale by definition. Then L; is

well defined changing of probability thanks to *

E(L)=E(Ly) = E(e") =1
Thanks to the Bayes property

EP(LTWtQ | F})
Ep(Ly | F))

Eq2 | F)=

Ep (LTWtQ | F)
Lt

EqWP | F)=

1 T

~Jolds
** This expression must be finite. On can apply for instance Novikov condition E ple 20 ) < +oo which is
sufficient but not necessary.
*If X, is a martingale then E(X() = E(E(X, |Fy))=E(E(X,) |Fy)=E(X,) forany t<T
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We need to prove now that WTQ Ly is a P-martingale. We have first under the probability P

dWPL,)=Ldwf +wLdL, +[aw?,dL,]
dwlr)=Ladwr -o,L,at+WEdL, +[aw] +6,dt,dL,]

dWwPL,)=L,dwF —6,L,dr+WEdL, +[aw] dL,]

Besides, by It6 lemma for continuous semimartingales 31 applied to the It6 process

X, =In(L,) with f:x—>e",

df (X,) = e dX, +%eXf 02 dt

then d(L,)=L,(0,dw; —%G,Zdt) + %L, 02 dt
and so, under P dL; = L,H,thP
Then

dwlr)=1,dwF -o,L,dt+WEL6,awF +1awl L,0,aw/]]

dwlr)=L,0+wLo)awS

So WtQL, is a (Brownian) martingale under P and then

LwP

EQ(WtQ | F)= tL :WtQ
t

So WtQ is a Q-martingale. Besides, almost surely under P
(w2, awPl=1aw, —6,dt,dw/; —6,di] =[aw; ,aw/ 1= dr

thanks to the fact that W,P is a P- Brownian motion.

3! The informed reader would rather use directly Doléans-Dades exponential martingales property to obtain the
result
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0

As the square variation [dW, ,dW,Q] does not depend on the probability used *%, because it’s

the limit of the quadratic covariation in I? , we have the equality almost sure under Q
[dw 2, aw 2= dt

So W,Q is a Q-martingale and its square variation is equal to z. Then WtQ is a Brownian

motion under Q.

32 Under the condition that the probabilities are of course equivalent (we must keep the equality almost sure )
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C- Probabilities’ changing and risk neutral diffusions
The martingale identification and changing of probabilities

We’ll often use the following property. A continuous semimartingale asset price X, - or by

abuse of language dX, - is a martingale 3 ifits dr part is null.

In effect, by the theorem of representation of Brownian martingales,

3H, suchas X, = [HdW < X, is a martingale

So if we want X, to be a martingale, then it must be necessary of the form

with a null df part. Remark that this is natural since Itd processes are called continuous

semimartingales because it’s the sum of a martingale and a (deterministic) dt part.

If X, is a jump diffusion, then we are in discontinuous frame and we don’t have the
equivalence anymore. X, can be for instance the sum of a Brownian motion and a

compensated Poisson martingale. So what we do is to find one martingale representation of

X,, and then remark that we have chosen the martingale measure by choosing this

representation. The reader can find a direct application in the Merton model in chapter V.

We must not forget that a diffusion followed by X, depends entirely on a chosen probability,

since the diffusion is in the almost sure sense, and since the Brownian motion involved in this

diffusion is not necessarily a Brownian motion under another probability.

So what find an equivalent probability, i.e under which equality a.s are preserved, in which

the use of arbitrage arguments permits to prove that it’s a martingale measure.

33 In fact if the process holds this condition, it is then only a local martingale The regularity condition of square
integrability is additionally required for the process to be a martingale. We assume this condition is fulfilled.
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For instance, if under the historical probability p
ds
St

where W/ is a Brownian motion under p, then by arbitrage argument — explained below - the

drift under the risk neutral probability must be 7, so

B e+ o(dW P + W=
o

t

All what we have to do is to find the probability O under which

VVtQ = th +Mr
(o3

is a Brownian motion. This is provided by the famous Girsanov theorem.

Then we obtain the so called risk-neutral diffusion
das
S_t = rdt + od WtQ almost surely under Q
¢

where Q is well defined by the Girsanov theorem of changing of probability.
So the reasoning we’ll apply systematically is the following.

We start from the diffusion under the historical probability p

ds
S—t = ,let + O'dVth

t

and we assume there exists a risk neutral probability such as under Q

ds
S—f = udt + odW 2

t

where W,Q is a Brownian motion under Q, then we search the value of z under the arbitrage

condition which is §t = ¢S, is a Q-martingale, as follow
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dS, =e " .S, (—rdt + %)
t

dS, =" S,(u—r)dt +c.dWP)
S ; 1s then clearly a martingale if and only if the drift u=r.

Note that we obtain this equivalence by the theorem of representation of Brownian
martingales, and then we have only an implication in the case of a jump diffusion within the

frame of incomplete markets.

Then we can write that we have found the risk neutral probability O (by making the Girsanov

changing probability) under which we have the risk-adjusted or risk-neutral diffusion

ISt it + aw 2
t

In incomplete market models, we go with the same reasoning but there is no more

equivalence. We find only one possible value of the drift under which the discounted price of
the asset is a martingale. So we find one possible probability Q under which §t is a

martingale. The choice of this drift is then equivalent to the choice of the probability Q. We’ll
see a direct application of this reasoning when computing the model of Merton to vanilla

options prices.

Let’s recall the mathematical expression of a risk-free portfolio to end this section. Any risk

free portfolio IT, must hold the condition dIl, =7I1,dt. In effect, this condition is

equivalent to

=r.dt

then with integrating this equality
In(IT,) —In(I1y) = r¢
which is equivalent to

I, =Iye"
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D- The model of Merton

The model of Merton is a particular case of the model of Bates, as volatility is set local. Let

S, the asset prices observed in the market, and X, = In(S).

Merton’s model assumes that X, = yt+o0.B,+ J, with jumps’ sizes Y; iid* with a

Gaussian distribution, ¥; ~ N (,u,az).
A closed form of the distribution of the process price

Let A € B(R"). We now try to give a closed expression of the distribution of X .

p(X,ed)= Y p(X,eA| N, =k).p(N, =k)
k=0

The distribution of X, knowing N; =k 1s a Gaussian distribution. In effect, we can see

clearly that

k
yt+0o.B,+ Y follows the Gaussian distribution N(y.t+k.u , clt+ksS 2)
i=l1

k
as B, ~ N(0,1) S0 oB, ~N©0,0%t) * and YY; ~ N(ku,ko?)
i=1
Then,
(_(x—;/.t—k.,u)z
k ¢ 2o t+kS?)
p(X;=x | N,=k)= p(yt+oc.B;+ DY, =x) = 5 5
i=1 J2M(o 2+ k.62)

Let’s denote p;(x)the distribution of X, 1i.e p,;(x)=p(X; =x)

3 identically and independently distributed
3% Remember that var(aX) = a’ var(X)
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e—ﬂ.l (lt)k

Using p(N; =k) = , we obtain finally the law of X,

_Gempi-kp?®

2 2

pi(x) = e M OzO: (l-f)k.e 20 t+kS7)
k=0 Kly201(02 4 +k52)

Risk neutral PDE of the model of Merton

We consider the same jump diffusion under the historical probability p,

Ny
pt+oW, +3 Y
where N, 1s a Poisson process with intensity A, independent from W,
and Y; ~N(m,o 2) under the chosen risk neutral probability O *°
Nt
i=0
Nt
X, =Xog+ut+oW, + Y,
i=0

So applying It6 formula for semimartingales with f : x — e*
' _ 1 " _ _ —
df (X)= [ (XDXE + [ (XX X T+ (X +AX) = (X))
So
dS, =S (udt + o)) +%025[a’t +8; M — 5

d—S_t:(,u+%O'2)dt+0'dW, +(e™r -1

St

3% which suppose that jumps are already risk adjusted, i.e jumps are not diversifiable. See below
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AX, =Y, if t is a moment of jump and AX,; =0 elsewhere. So the process ™t _1 worth

!t —1 iftis a moment of jump, and worth 0 elsewhere.

Consequently, A 1= dZt where 2, is a compound Poisson process whose jumps are

el -1,1.e

Nt
5 Y; AX
Z;=2(e" =)= 2 (e 1)
i=0 s<t
Let Yl =e’i 1 then In(1+%Y;)~ N(m,52) SO Z 1s a compound Poisson process with jumps
size log-normally distributed. More precisely, like in the case of the Bates model, it is 1+Y;

which is log-normal.

So under the historical probability P,
ds .
i B (,u+%O'2)dt+0'dW, +dZ,
t

Consider now a neutral probability O under which §, is a martingale. We shall have the

diffusion

ds .
L (uy +%02)dt+0dW,Q +dZ,

t

or equivalently

Nt
X; =X +upt+oWl + 3,
i=0

wher W,Q is a Brownian motion under Q.
Let’s find now the risk adjusted parameter 4 under which S ; 1s a O-martingale

~ _ _ _ ~ _ ~ ds
d(S,)=d(e "S,)=-re "' S,dt +e " dS, = —rS,dt + e " dS, =S,(—rdz+S—’)
t

d(S;)=S,((-r+ Ho +%0'2)dt + athQ +dZ;)

We know 2, -Ep (Zt) = Zt —AEg (}71- )t s is a martingale under Q so let it appear
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d(S;)=5,((-r+ugp + %az + AE(Y))dt + cdW 2 +dZ, — AE(Y)df)

dZt - AE (?l-)dt is a compensated martingale under O, and aWtQ is also a Q-martingale. So
d (gt) 1s a Q-martingale if the “df” part is null, i.e

1.2

1 5 Y. 1 5 m+—o0
=r—-—oc“-AE(' -)=r—-—c"-Ae 2 -1
Ho > ( ) 5 ( )

We have then the neutral diffusion under the probability Q,

Ny
yQt+0'WtQ +>7;
S; =Spe i=l

With a mere recurrence, we have the following equality

0 0.\
uo(T=0)+o(WF -WE)+ 3Y,
Sy =S,e =Nt

and the following equality in distribution

Nr—¢

distribution Ho (T_t)"‘UWTQ,; + 2% 3
— i=1

Sy = S 7

which means that for every payoff 4,

0 N7
uo (T—t)+oW i, + ZYl
Eo(h(S7)) = Eg(h(S,e ZR)

As there is an infinity of choices of the probability O, Merton choose this particular one
because he modified only the drift of the Brownian motion (by modifying the dt part ) and
kept the jumps unchanged. He argued that the jump risk is diversifiable so no risk premium is
attached to it. Mathematically, it means that changing the probability (and so changing the

risk repartition) must not affect the jumps, and so that the jumps are already risk adjusted.

T If X=Y in distribution, then for any borelian function 7, E(AX))=E(f(Y)). Remark for the sequel this result : if X
and Y are independent from another random variable A, then E({AX))=E(AAY))
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E- The model of Heston
We begin this part with general results on stochastic volatility models of the form

ds
S—f = u(t,S,.V,)dt + o(t,S, ,V;)dw]

t

dV, = p(t,S,,V,)dt + q(t,S,,V,)dW}?

where ! are W? are two Brownian motions with correlation p,le <d W,l,d W,2 >= p.dt.

We can simplify the notation to make calculus clearer

d?S = udt+ cdw'!

dV = pdt+qdw?

The value of any derivative C written on §; is a function of tree variables C(¢,S;,V;). The
stochastic volatility 7; is a non tradable asset in markets. As the randomness feature of

V' depends entirely on 1, , the stochastic volatility renders the market incomplete because of
the role of this second Brownian motion. In B&S model, one can hedge perfectly a derivative

written on S; because selling S; is equivalent to selling the Brownian /], and then we can

hedge from the only source of risk of §; in C which is W;.

With the presence of two sources of risk W} and W, , we must hedge with :
- the underlying asset like in the Black and Scholes model to hedge dW;

- another derivative to hedge the second source of risk dW¥, .

Let’s set a portfolio I1; constituted of a derivative C;, an amount A of underlying asset, and

an amount A, of the second derivative used to hedge the risk of volatility.

TI(St, Vg, t) = C(St, Ve, t) = ASy — A1C1 (S, Ve 1)
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i.e with simplified notations we have

IM=C-AS-A|Cq

The property of self financement allows to write

dI = dC — AdS — AdC,

With It6 lemma for vectorial continuous semimartingales on C and Cj, we obtain easily using

bilinear properties of predictable variation

2 2 2
dCza—Cdt+a—CdS+a—CdV+la—Cd<S,S>+ ocC d<S,V>+la—gd<V,V>

o oS oV 2 as2 oSoV 2 o1

s tpoys 2C L ar +2C as +°C ay
P 9 as oy

Jo_|oC 1 a20%C o’Cc 1 ,8*c|,  ac . . oC
ot 2 oS osoV 27 ap?

Then
—5 tpagsS q 3
o 2 oS osoVv 27 arv

2 2 2
aﬂ'[z(a—c+lazS2a C+ _8 ¢ +l 2—8 C]dt

o 2 05?2 osoV 27 pp?

+ a—C—Alﬂ— das + a—C—Alg 1714
oS oS oV oV

2 2 2
—Al[%+10252ﬂ+paqb’—a G +lq2_a Cl]dt

which is equivalent to

2
= 8—C+10'2S28—C+,00'(]S +—q
o 2 oS 2 osov 27 pp?

oS 0 oS oS
a_c_m% dt + a_c_m% ‘]th2
oV oV oV oV
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The portfolio is risk free so we must have

dIT = rT1dt = H(C—AS —A,C, )dt

It implies in particular by identification that all stochastic terms (with th and Wtz) are equal

to zero, then

a_C_Alﬁ_A:()’
oS oS

8_C AOCI_

and -A—L=0,
oV oV

We obtain then

2 2 2
or 2 0S? osoV 27 pp?

2 2 2
o 2 0?2 osoVv 27 ap?

And with arranging terms after identification of parts with dr with r(C -AS-AC, )dt , We

obtain

[ac 1 200C,

2 2
+ -0 pogS o°c +lq2£+rS£—rC
or 2 52 osov 27 sy oS
ac
oV
oC;, 1 5.5 0%C o2c; 1 ,0°C, oG
——+-0°S"——+ pogS +—q +rS -rCy
or 2 os2 osov 27 ap? oS
- oC,
oV

The expression at the left is a function of C| only while the expression at the right is a

function of C only.
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We have with letting the function 4

2 2 2
8—C+10'2S26—C+p(7qS oc +1q28—c+rSa—C—rC
or 2 02 osoV 27 pp? oS

h(C(S,V,t)= aC
o

we obtain the equality

h(C(S,V,0),8,V,0) = h(Cy(S,V,0),8,V,1)

Since this equality is true for any derivative C|, no matter what is the characteristics of the
derivative, it does not depend on Cj. In our purpose, C} and C are call premium and though

the equality is true no matter what are the maturities and the strikes of the two options. Then
the only way this equality can be always true is that both the expression at the left and the
right do not depend on the first variable C of the function (S,V,t) —> h(C(S,V,t),S,V ,t).

In effect, consider that a function of two variables holds the condition
h(x,y) = h(a,y) forevery aeR and y e R
Then if we freeze y we see that the function
x— h(x,y)

is a constant equal to some real b,,. In effect, Vx € R h(x,y)=h(0,y) for instance. So if we

set by, =h(0,y), then Vx e R, h(x,y) =b,

So for every y, we see that the function x — A(x, ) is equal to the application x — b,,.

Then it comes that /(x,y) =b, =b(y), i.e h is a function of y only.

Then, for any arbitrary function g, we have consequently,

h(C(S,V,1),S,V,t)=g(S,V,t)

and so
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2 2
a—c+10252—a C+paq56C+lq26C+ Sa—C— rC =g 6_C
or 2 02 osoV 27 ay? oS oV

-g is called the risk neutral drift of the volatility, because it explains the variation of the
volatility as we’ll see in the sequel (we can already see that is the drift of the véga of the

derivative)

Thus, without loss of generality, with letting g = gA — p , for any function A(S,V,?) *®

2

oC 1 5.50°C o’C 1
—+—=0"S pPOSq +—q
or 2 0S? osoVv 27 pp?

oC oC
= _vC=—(p—=dg)—
s (p q)aV

and equivalently, we obtain the partial differential equation to solve :

2 2 2
€L 1526207C g 0C 1 20°C 60C S ic=0 v
ot 2 oS 2 osoV 27 ap? oS oV

Let’s explain now the choice of g = Ag — p, called the neutral drift of volatility.

Suppose I1=C —AS, i.e that we want to hedge our portfolio in delta neutral. We want to see
only how much the volatility " explains the risk in the variation of C with suppressing the risk

coming from the variation of the underlying.

By self financing
dll = dC - AdS
So

2
_[9€,152520°C s O°C (12 0°C dt+[a—C—Ade +Lar
o 2 0?2 osoVv 27 ap? oS ov

Thanks to the delta neutral hedging, the part with dS is zero, and we obtain :

3 There is an equivalence because 4(S,V,t) — qh(S,V,t)— p a bijection for q#0
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o’c | 22C 1 50 C}h oC

-0 Jo +—dV
o 2 as2 P eser 21 2 | Y Ty

2 2 2
ari—midr=| 2 1 L5252 0°C | g © C+lq2a—c 59 e lar+ S ay
ot 2 0S 2 osoV 27 ap? oS ov
oC 2
=g—(Adt+dW
an( )
Then
il = ert+qa—C(Mt+dW2) Jie
oV
oC oC 2
dll = T1dt + (q—)Adt + (g —)dW,
r (an) (an) t

We observe then that for each risk unit generated in the period dt by the second Brownian
motion W, there is A additional units of risks added to the risk free rate in the same period.

This is the reason why A is called the risk neutral premium of volatility.
Besides, multiplying equation (IV-1) by d¢, and recognizing dt terms of dC leads to

dc—Cas € v+ 15 %C dr s+ (p —/Iq)—dt—ert—O
oS oV oS

and by the way

oC oC
dC— —(dS —rSdt) ——(dV —(p — Aq)dt)= rCdt
5 ) =5 (dV = (p — Agq)dr)
The drift # of S; becomes r and the drift of V; becomes p — Ag in the risk neutral diffusion
of V;. In effect, with denoting C the discounted price of the premium C, we have under a risk

neutral probability Q,

oC oC
dC — rCdt = ——(dS —rSdt) ———(dV — (p — Aq)dt
r o (@S —r8dt) == (dV = (p = Aq)dr)
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dC =e " (dC - rCdt)= e (Z—S(ds — rSdt) — g—g(drf —(p—Ag)dt))

~  _. oC oC
dC = e "' (== (dS - rSdt) ——(dV —(p — Aq)dt
e (as( rSdt) 6V( (p—Aq)dt))

If we want C to be a martingale under this probability then all parts with df must be null. So
the part with df of V' must be (p — Ag)dt and the part with dt of S must be rSdr .

This the reason why we say that the risk neutral drift of Cisr ( as the part with dt of dS/S is
rdt and the risk neutral drift of the volatility is (p —Ag) (as the part with dt of dV is

(p—Aq)dt .

As the probability under which we work is not entirely determined until A is fixed, the
market is rendered incomplete because of the infinity of possible risk premiums A. Each
choice of A is equivalent to the choice of a martingale measure Q under which discounted

prices are martingales.
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Application to the model of Heston
We now set

- u(t,8;,V;) = u(t) ( pu depends onlyon )

- O-(tastaV[) = \/71
- p(t,S1,Vy) = aV =V,)

AN AEENA

which left us with the diffusion

ds
S—’ = u(t)dt + [V, aw;
t

AV, = a(V =V, )dt + [V, dw}

with <dwl,aw? >= pat

The first equation is similar to the one in extended Black Sholes models, but the volatility of

the process S; is not local anymore. The variance follows itself diffusion, which is a square

root process due to Cox, Ingersoll and Ross.

The choice of the diffusion of V; is at the source of plenty of stochastic volatility models, but

the CIR process is empirically and theoretically the most relevant one for two major reasons :

- The CIR process gives a trend to the volatility with the property of return to the mean

- It displays always positive values of volatilities (as opposed to certain models that

provide negative volatilities) **

1t displays also a hitting time of 0 which is infinite with appropriate parameters
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For instance, if V; - thanks an increasing trajectory of the Brownian motion- exceeds by too
much the long volatility (long term mean of volatility) ¥, then a(I7—V,)dt will be an
important negative term and the following variation dJ}; would be roughly negative, which
means that ¥, will return progressively to the value 7 . By symmetry, the reasoning is also

true at the other side. The average speed of return to the mean is controlled by « . A high o

will lead to a fast return to the mean. ¥ is then naturally the parameter of long volatility

The correlation of the Brownian models the leverage effect, i.e the negative correlation

between the price of stocks S and the volatility V' (the parameter p is always set negative

between -1 and 0). In this case, when the first Brownian is positive and contributes to give a
positive trend to the variation dS, the second Brownian is negative and contributes to give a

negative trend to the volatility.

The economic explanation is due to Merton : when shares fall down, the company becomes
more indebted and then more risky, then the volatility of the shares increases. At the opposite,
when shares rise, the company becomes less risky because it capital increases in proportion
with respect to the debt, so the volatility decreases. Added to the fear of downward jumps of
shares’ prices since the crash of 1987, these are the most popular arguments to explain the
form of the implicit volatility surface since then and the skew observed within stocks markets,
and why in particular puts deep out of the money are overpriced and calls deep in the money

are underpriced.

Intuitively, we can think about the risk premium of volatility 4 as something proportional to
the volatility \/Vt of the process S, . Heston set then A(z,S,,V,) = 9.\/7, with an arbitrary 6

according to the works of Wiggins (1987) which demonstrated economically the existence of

such a relation.

All this leads us to the equation of pricing of a vanilla derivative C written on S in the frame

of the model of Heston

oC

2 2 2
oc 1,20°C o°C 0°C s (@7 ~V;)=0n1,) - ~rC =0

2 1
+VS —+pnpVS—+—nV—u+trS—+
o 27 g2 P Pasar T2 o2 T P Gs
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2 2 2
a—CJrlazSz—6 C+p qa ¢ lqza C+ Sa—c (p—iq)a—c—rC:O
ot 2 oS 2 osoV 27 ap? oS oV
With setting ¢, = a +6.7 and ar_l7r =alV, (so called risk adjusted parameters)

a7 ~V,)=0V; = a,(V, ~V,)

And we obtain the Heston’s equation with risk adjusted mean reverting and long volatility o,

and 7, , i.e we obtain the risk neutral partial differential equation of the price of a vanilla

derivative,
2
ac lVS28 C+pV.S8—C —Va—c+ SG_C+( a,(V, V,))——rC 0
or 2 0S? osoVv 2 pp? oS
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F- The model of Bates

The model of Bates is a generalization of the model of Heston and the model of Merton. It

assumes that the asset’s price is driven by both a stochastic volatility and jumps in the form

% = wdt + [V, dw} + dz,
t

dv, = a(V —V,)dt +n\[V,dw?

We wuse the same leverage effect than the one in Heston model by setting

< a’W,l,dW,2 >= p.dt with p negative. The drift u is set constant.

Z, is a compound Poisson process with intensity A 0 of jumps sizes Y;,1e
Nt
Z,= Y
i=1
where Y; are i.i.d log-normally distributed. More precisely, with parameters k (mean of

jumps’ size) and o (variance of size of jumps) , we have
1 > »
In(1+Y;) ~ N(ln(1+k)—5c7 ,0°)

This complex expression of the mean is set to lead to the equality E(Y;) =k . In effect, thanks

to Laplace transform *'

In(l+k)—- 6241 2

E(eln(HYi)) —e 20 2 =14k

So when we use the model, we want to manipulate the parameter £ which is the average size

of jumps rather than any another complex parameter with obscure economic interpretation.

“O This intensity of jumps A has of course nothing to do with the risk premium of volatility A of the model of
Heston.

41 ) X L
If X ~N(m,c°) then E(e* )=e 2 (Laplace transform)
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Furthermore, this parameter must be risk adjusted in order not to be incompatible with the

other risk adjusted parameters when passing to risk neutral diffusions. So we consider
k=Eg(;)

where Q is the chosen martingale measure.
Another presentation of the model

Log-normal distribution is used into this pseudo geometric Brownian motion of S, to work

with normal distributions when passing to log prices.

N, t
We can notice that Zy= 2Y;, =7Z,—Zy= [dzZy
i=1 0

n
Z;= XY =Y _(Ng-N_)

i=1 s<t

In effect, during a time of jump 7; such as N, =i, Ny -N_-=l . Elsewhere N -N_-=0

t t

Thus [dZs = [Y _dN
0 0

and in differential notations dZ, = YS, dN

So dZ, =Yr 1=Ypif t=T;,

and dZ; =0 elsewhere.

Besides, we know that E(dN) = Adt 2 The only two possible values for dN ¢ are trivially 0

and 1 so we can see that E(dN,) =1.p(dN; =1)+0.p(dN, = 0)=Adt.

2 by the fact that N; is a Lévy process and so with stationary increments that E(N; — N )= A(t—s)
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So we can conclude that p(dNy =1) = Adt and consequently p(dNg =0) =1- Adt
Consequently, p(dZ, = YS, )=Adt and p(dZ; =0)=1-Adt

That is the reason why we often see in the literature the presentation of the diffusion of the

price within the model of Bates in this form

ds
S—’ = wdt + .V, dw} + Y,aN,

t

where Y; are iid log-normal and N, a Poisson process with intensity Asuch as

p(dNg =1)= Adt and p(dNy, =0)=1-Adt.
The risk neutral PDE of the model of Bates

The market is free from arbitrage opportunities if and only if discounted prices of assets are
martingales. Let’s find now the risk adjusted parameters under which §t is a martingale.

Under a risk neutral probability O,

S - - - . - ~ ds
d(S)=d(e"'S,)=—re”"'S,dt + e "' dS, = —rS,dt +e " dS, :St(—rdt+S—t)
t

~ = ds
So dSt=St(—rdt+S—t)
t

dS, = S, (~rdt + udt + [V,aw; +dz,)

We know that dZ, —Ep(dZ;) =dZ, —AEg(Y;)dt is a martingale under O, so we’ll make it

appear
T _39 1
dS, = S, (=rdt + pdt + Akdt + [V, dW}! +dZ, — Akdr)

The part with df must be zero, so u—r+ Ak =0. With arbitrage arguments, we proved that

the risk adjusted drift is (r — Ak)dt , and we deal with risk adjusted diffusion
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% = (r=2k)dt + [V, aw; +dz, (IV-3)

t

AV, = a(V = V,)dt +n\JV,dw?
Applying It6 formula for jump diffusions from (IV-3) to X, =1In(S,), we obtain

e 11
d(In(S,)) = —dSE — = —
(n( l‘)) S t 7 2

d[S;.SC1+In(S, - +AS,) - In(S )
t S}

AS
From (IV-3), we can see clearly that the jumps S—t are equal to dZ,, because the

t

contribution of the continuous part to the jumps is null.

Besides,

dS{ =S;(r = Ak)dt + SV, dW}! so d[SF,SF 1= SPV,dt.

Consequently,

A
dX, = (r = 2k)dt +[V,aw} —%tht +In(1 +S_Sf)
-

and so we obtain the equation for the log-price X,

dX, = (r—/ik—%Vt)dtJr\/thW,l +In(1+dZ,)
With denoting dzZ ; =In(1+dZ,), we obtain the final form of this equation

dX, = (r— k- % V,)dt+ [V, dw; +dz, (IV-4)
where Z ; 1s a compound Poisson process with jumps Yl ~ N(n(1+k) —%O‘z , 0'2) .
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In effect, considering dZ, =Y, if t=T; and 0 if not (i.e dZ, =Y, if ¢ is a time of jump and 0
elsewhere), then dZ, = In(1+dZ,)=In(1+Y,)=Y, if ¢ is a moment of jump and 0 elsewhere,

5 1 5. . .
where Y, ~ N(In(1+ k) —50'2,0'2). Z, is consequently a compound Poisson process with

jumps ¥; ~ N(ln(l+k)—%az,c72).

We can use (IV-4) to compute easily derivative prices using Monte Carlo methods as we will

see in the chapter VI.
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V- Pricing European options in the frame of incomplete markets
A- The model of Merton

We start from the risk neutral PDE obtained in the previous section

0 N7
distribution po(T-t)y+oW_, + 3 Y;

Under Q, the European vanilla call price with payoff 4 (for instance /4 :x — (x—K)* for a

plain vanilla call or /:x — (K —x)" for a plain vanilla put) is
C =" T DEN(Sr-K) | F)
So §; being a Lévy process, it is hence a Markov process

C; =" T DES((Sr) | S, =)

Nr—¢

Ho(T-t)+al 2+ XY,
C, =T DEL(h(S;e LAY s =)
0 N4
to(T-t)y+oWr_, + XY;
¢, =e " TDEL (h(Se =1 Y)
0 Nr—¢
o (T=t)+oW ", + DY,
C,=e "I % p(Np_, =m)Eq(h(S;e =) | Np_y=n)
n=0
,uQ(T—t)+0'WTQ_t+§Yi
So C =" T Y p(Np_, = m)Eg (h(Se =y
n=0
Q n
_A(T— T—t UWT*’JF.ZY"
Cr=e T 3 p(Ny_, =mEg(h(se" " Ve T T
n>0
n
We remark that DY~ N(nm,nﬁz)

i=1
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n  distribution

SO Y; = nm
i§1 i T_¢ T—t
n distribution 2
then ZYI + O-WTQ—I = nm + ﬂ+ 0-2 WTQ_t 43
2
And then if we set O',% :02+;5t’
3 O'WTQZ +§:Yi
C, =" T 5 p(Np_, = mEg(h(se”e" e =

n=0

_ 0

n=0

The idea here is to find an equivalent of the Black Scholes formula with a constant drift and a

square variance depending on n, with choosing carefully an appropriate value of S, M

[ %)
1, mt— 0
(r-——oc“-Ae 2 -))WT-t)+nm+oc, Wz
C =T Y p(Np_y = m)Eg(h(Se 2 “

n=>0

A( Gt DT -0+ (r— L (T 1)+ o, W2
nm—A(e - —t)+(r——o —t)+o W
C, =" TS p(Np_, = n)Eg(h(Se 2 -

n=0

nm—l(em+%52 —l)(T—t)+ﬁ+(r—la 2\T-t)+o, W2
C, =" T Y p(Ny—y = m)Eg(h(Se 2 2t e

n>0
152 2
m+—o0 no 1 ) 0
nm—-Ale 2 —-1)(T-t)+ (r——o," T-t)+o, W=
C, = 7T-D > p(Nr_; =n)Eg(h(Se 2 e 2 =
n>0

This leads us to

1 o 0
(r——o, " XT-t)+o, W7
Co=e" T p(Np_y =mEg(h(Sye 2 "

n=0

“if X ~ N(my,of) and ¥ ~ N(m,,03) then X +Y ~ N(m,07 +073)
* In effect, we can show easily that Black Scholes formula is still available when the variance is depending on ¢

or on another parameter if the drift is left constant. This is called extended Black and Scholes model.
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1 5 0
(r——an )(T—t)+0'nW =
C = XpWNp_ =m)| e " TDES(h(S e 2 i

n=0

C,=e " TS p(Np_y =m)CPS (S, 00)

n=0
C Ty e—i(T—r)Mc S,,0,)
n>0

We obtain then the prices of options under Merton model with convergent series of well

known Black Scholes prices

C, =~ +AT-0) 5 (AT —1))" CPS(s,.0,)

n=0 n!

m+—=o9
mm—i(e 2 1 T—1)+"°

where S, =Se 2 and CtBS (S,0) is the price of a plain

vanilla call with maturity 7" and payoff 4 under Black Scholes model, given that S; is equal to

S at time t.

In effect, remember that with the Black Scholes Model, (the reader can see annexes for more

details if necessary), we have

(r—l.az)Tm.WT
ST = So.e 2

1
(r——0ps NI —1)+0ps Wr_,
ST :St.e 2

1
(r——.0ps T —t)+0 ps (Wr —W,)
ST = S.e 2

And knowing S, = §,,

distribution (}”—1.0'2 T -t)+oWr_,
ST = Sn € 2

The price of a call with payoff # under Black Scholes modeling is then
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So

(S0 =e " T ES (S | Fy=e"TDEG((Sr) | S, =8,)

‘ (Lo, 40, Wy
with Sy =Sge 2

|
(r-=.0,>)T—t)+0c, Wy_
P (Spo)=e " TTEH (S, e 2 ~
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B- Some remarks on the model of Heston

Let’s start with an important theorem in differential calculus, systematically used when

dealing with stochastic volatility models.

Theorem of Riccati Given a differential equation such that

F1() = a(x) £ (x) + b(x) £ (x) + (x)
the following substitution
h'(x)

S ==

transforms the first equation in a second order ODE (ordinary differential equation)

The demonstration is trivial. It is implicitly developed when using this property in the

demonstration of the model of Bates.

Now we are interested in calculating the premium of a vanilla call. The premium is equal to
the discounted expectation of the payoff of the call with respect to the risk probability QO
which we have chosen during the construction of the model of Heston (when risk adjusting
parameters). We remember that the market is incomplete and that the martingale measure Q

under which discounted assets’ prices are martingales is not unique.

C(Spt,T)= EQ(e ™ 0(sp K" | F)=EC T (Sp -K). 15,51 | F)

with the notation (S, — K)* = max(Sy — K,0)

C(S.t.1)= Ege "T85 s | F)—e " TKEN(s s | F)

C(S,.1.7)= g, (705115, 5 x) =" TOKEg (s, k)

To obtain plain vanilla options’ prices we make the following famous changing of probability.
For the first term we use the discounted stock price as numeraire and for the second we

choose the risk free bonds.
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—rT —rT

dQ‘F __ e S; dp = e " St ap, :e—r(T—t)S_TdPIF
! Eg, (e"'Sp) e s, S !
t
ic 4O\ _ (-0 ST
dP S,
T T
—jr(s)ds —jr(s)ds
d d e ap, =& dP e 0 dP, = dP
an = = e —— =
o s B @0 2IF,
EQ‘Fz (e ¢ )

Since r is deterministic and non stochastic, the second changing of probability is in this
particular case the identity. The reader would use the same technique with a stochastic interest

like in Bakshi, Cao and Chen generalized SVJD models.

We obtain then
-r(T—t
CSptT)= Bpy (Selspzg)=¢ K Ep,  (s,5k)
Since S; is F; —measurable,

CSptT)= 8, Bpy (s, zx)—¢ " K Ep, (s, 5k)

C(S;..T)= S;.Pyp, (St 2 K)y-e T _’)K.Pz‘ pSp2K) ¥

We remark a very powerful and intuitive result which holds for all models

C(S,.t,7)= (S, —e T _’)K).Pl‘ F (Sp 2 K)+ eI _t)K.PZ‘ F (Sp <K) (V-1)
by merely setting P2\F, Sy z2K)=1 _P2\F, (St <K)

The call price is equal to the probability of exercising the call multiplied by the payoff in case
of exercising plus the present value of the strike multiplied by the probability of not

exercising the option.

$E,(14)=0.p(4)+1.p(4)
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The call premium depends now entirely on the probabilities £ and P, which are computed

differently in each model.

One possible way to obtain semi-closed form formula for vanilla options is to put the
expression (V-1) in the risk neutral PDE obtained in the section IV-E, and then to obtain a
system of 2 PDEs where P;, i € {1,2} are the unknowns. Then we take the Fourier transform
131- , ie{l,2} of P, ie{l,2} and resolve the PDEs followed by ]31 , 1 €{1,2} thanks to the

fact that we know the general form of solutions of such Fokker Planck equations. Starting

from the substitution of the general solutions in the PDE, we use the Riccati theorem to obtain
the expression of ﬁl Then we take the inverse Fourier transform to obtain the expression of

P and the value of the call.

In our demonstration of the model of Bates, we put directly the characteristic function into the
PDE followed by the price of derivative. These two approaches are equivalent and use strictly
the same techniques of calculus. The Heston model is implicitly demonstrated in the next

section by taking only the characteristic function of the continuous part of the log price.
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C- The model of Bates

Remark that the form of the characteristic function of Heston model is included in the

calculation of the characteristic function of X tC .

We develop the demonstration starting from the risk neutral diffusion obtained in IV-4

dX, = (r—/ik—%Vt)dt+\/7,thl +dZ,

AV, = a(V =V, )dt + [V, dw}?

With denoting X ,C the continuous part of X/,
_gvC 7
dX;, =dX; +dZ,
The jumps being independent of the Brownian motion, Z ; 1s independent from X tC . Then,

b, () = BT A0 = T )= BB =g ¢ ) ¢y W)

We’ll then calculate separately ¢ ' C and ¢, . For the case of Heston model without jumps,
t t
the demonstration is exactly the same with taking ¢ X, = @ v C We follow by the way Heston
t

demonstration for the calculus of the characteristic function of the continuous part of X .

We first freeze u, with denoting in the sequel f,, = / and we let

. C
fuem,t) = Eg(e™T | XE =x ¥, =v) * (V-2)

and

M, = f(XE V1)

We see that

v = BT | (XE =x)n 0, =v)
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. C . C
luXT luXT

M;=Eg(e | XtC:XtCth =V) = Eg(e | U(XtC’Vt))

In effect, let

Fx,v:a((Xt:x)m(Vt:v)):{weF| X;(w)=x and V,(w):v}

(V-2) means thatV we F

X,V

. C
SO0V, (wht) = Eg(@™™T | o(X,,V,) Yw)

which can be written
. C
uX T

[y = Eg(e™T | X£ =x,V, =v)

But this equality holds in fact for every non negligiblew € F

ux €
JX OV 0.0 = Ege™ T | o(X,. V) )(.)
Q
ie
e
FX V0 = Eg(e™T | o(X,,7;) )
which is the targeted equality.
We remark also an important detail
iuXT(; iux € iux &

S (x0,v9,0)=Eg(e | X(?ZXOaVo =vp)=Eg(e™"T | Fy)=Eg(e T):¢XTC(”)

Since every Lévy process is markovian,

v C
M, =Ep(™*7 | F))
But
. C e
MT:EQ(eluXT |FT)=equT 47
47

™71 is Fy —measurable, having X7 Fy —measurable and (x — ¢™) Borelian from R to R% (by

continuousity)
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Then

M;=EpMr | F;) forevery t<T and for every T.

Applying It6 formula for continuous semimartingales to M, leads to

arxt =2 2 L v nax s+ 1(){, V0V, +%<XF Vi 0dt

2
190 {(X,C,Vt,t)d<X,C Saf(xf,rft,r)dwt,xf >+%a {(X,C,V,,z)dw, >

2 ox VOoX ov

With simplifying the notations and making some trivial calculations,

2 2
dM, —(f(r /Ik—th)+ fa(V V,)+ af+1ﬂV,+l—fn2V,+—gan,)dt

ot 2 oyl 2 o2
L rawt + L 7 aw?
ox tavy av’7 tamy

M, is a martingale so the part with d¢f must be null.

2
L r-ak= v+ La v+ Ll Ly Ly O

1
s o 252 122 Ovox

v C
With remembering that f(X TC Jr,Ty=M TzeluXT (terminal condition), f holds the so-

called Fokker Planck Forward equation

128G, 102w o 02 (v

2 ol 2 o2 Y Ovox

PCACAN) POPRS OO [ C A W 24 6 A0 B
ox 2 ov ot

with the terminal condition

f(x,v,T)=e™

93



With abbreviated notations,

1 " 1 " " 1 1 1 —_— 1
Ehﬂ+5ﬁm%+ﬂwm+hv—M~5w+ﬂmV—wﬂﬂ=0 (V-3)

f@v,T) =™
To solve (V-3) we guess a function f of the form

fu (x,v,1) = eC(T—t)+vD(T—t)eiux

where C and D are functions of the time. This guess relies in fact on the linearity of the
coefficients in the equation (V-3), provided that we have some techniques to solve such
PDE’s with affine coefficients. This choice permits to translate (V-3) in a further closed
system of differential equations that we can solve by Ricatty in our purpose or more generally
by some theorems provided by Duffie Pan Singleton in the general case of affine jump
diffusions. In effect there is an infinity possible solutions to the backward Fokker-Planck

equation, and we must target a precise form that permit closed calculus to resolve it.

With this substitution which reduces the range of solutions, the terminal condition becomes

naturally

C(0)=0 and D(0)=0
and the partial derivatives can be calculated

th’ — (_C'(T_t)_vD'(T_t))eiuxeC(T—l‘)+vD(T—t)

fi= iueiuxeC(T—t)+vD(T—t)

fv’ =D(T _t)eiuxeC(T—t)+vD(T—t)

'

fvx — meluxD(T _t)eC(T—t)'l'VD(T—t)

fo = (D(T —1))? ™ CT=DHvDT=1)

Il 22 Ca=0+vD(T 1)
XX
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So the equation (V-3) becomes

3 %u 2o+ C(T=1)+vD(T 1) 17721/02 (T — 1ot +CT=0+vD(T=1)

T uD(T — 1)<+ CT=0+vD(T 1) i+ C(T=0)+vD(T=1) (. _ g lv)

npv +iue

+ D(T _ t)eiux+C(T—t)+vD(T—t)a(I7 _V) _ (C’(T _ t) + VD’(T _ t))eiux+C(T—t)+vD(T—t) — 0

iux+C(T-t)+vD(T—t)

By factorizing e and remarking it always different from zero,

—%u2v+%772vD2(T—t) +iunpvD(T —t) + iu(r — Ak —%v) +D(T - t)a(V —v)

—(C(T-t)+vD' (T -1))=0

and by rearranging the terms

[—%uz +%772D2(T—t) +iunpD(T — 1) —%iu —aD(T — 1) —D'(T—t)}v+ iu(r — k) + D(T — )V

—C(T-1)=0

Consequently **, we obtain the two following ordinary differential equations

—%uz +%772D2(T—t)+ iunpD(T —t) —%iu —aD(T—t)-D (T —1)=0

iu(r — )+ D(T —t)aV —C (T 1) =0

Let 7 =T -1, then

D'(2) =%nZD%)—(a—iunp)D(r)—%u(uﬂ‘)

C'(z) = aVD(z) +iu(r — Ak)

*® ax+b =0 for all x if and only if a=0 and b=0 ( we don’t want ax+b =0 for x = _b only)
a
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We identify a structure a la Riccati in the first equation, that we might solve according to the

theorem of Riccati with the substitution

1 '

n,
2
So remarking
" (2
D :_%(h h 2(h) )
n h

We obtain with little algebra the second order ordinary differential equation

%h——2—(lu77p2_a)h——lu(u+i)=0

n” h n

" Al 2

B+ (a—iunp)h —”Tu(uﬂ)h:o (V-4)

This equation is well known and its general solution is of the form
h(r) = Ae™1" + Be“?*

In effect, we target first a trivial particular solution of the form A(7) = e 49

Then h (1) = ae’” and K (r)=a’e"

Substituting it into (V-4), and suppressing the non zero factor e*?,

2

a’ + (ax—iunp)a —%u(u +i)=0

The square delta of the polynomial function is

d = (a — iunp)? +n*ulu+i) 50

* This is a well known method in classical differential calculus the informed reader might solve directly.
%% The square is the complex one whatever is the sign of the amount under the square root. If a <0, \/; means

—iv—a in the classical sens of the square root.
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and the solutions are

_ —(a—iunp)+d ; _ —(a—iunp)—-d
= ) =

a
! 2 2

Consequently, A(7)=e“" and h(r) =e“2" are particular solutions of (V-4). By trivial
linearity, any solution of the form h(r) = Ae™1" + Be“2" is a solution of (V-4).
Finally, the general form of the solution of (V-4) is

—(a—im]p)+dz_ —(a—iunp)—dT
h(t) = Ae 2 + Be 2 = 4e“1" + Be“2"

and we also have
h (1) = ayde™* +a,Be®?"

We now have to use terminal conditions to obtain the values of 4 and B

'

D(0)=0=— };(O) h(0)=0  so ajA+ayB=0
n
—h(0
5 (0)
In the other hand, we notice that h(0)=A+B

We obtain then a system of two unknowns, assuming we know /%(0)

alA + a2B =0
A4 +B =h0)
of solutions
A=—2L2_ p0) B=—"1"10)
(ay —ay) (a1 —ay)

Now the only unknown left is the value of 4(0). We won’t need to explicit its value because

it disappears in the calculation of D.
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a2 0)e —ay N p(0)e®?
D(T)__ihv(z.)__ialAeaﬂ'_i_azBeazT __i (a2 al) ( )e 2( 2_611) ( )6

n? h(z) n?  Ae™” 4+ Be?® n? ( )h( )e? - ( )h(O)eaZT
a) —aq a) —aq

2 ajay (e’ —e")

2

D(T) - aqr aT
n are —aye

The second equation C '(r) = aVD(7) +iu(r — Ak) is an ODE of first degree from which we

can obtain the solution with a mere integration.

'

Using D = —ih—, it gives for a 7y for which In(4(z() is defined

n* h
. B aV T h'(s)
TIOC (s)ds =-2 772 TIO i) ds +iu(r— ﬂk)f{)ds
C(r)-C(rqy) = —2%[ln(h(r)) —In(h(zg))]+iu(r — Ak)(z —7¢)
n

C(r)= —2% In(h(7)) +iu(r — Ak)t + C(7g) + 2% In(h(zg)) —iu(r — Ak)zg
n n

With denoting R = C(z()+ 2%ln(h(ro) —iu(r — k)7,
n

C(r) = —2% In(h(z)) + iu(r — Ak)z + R
n

To know the value of R, we use the terminal condition C(0)=0.

R= 2%ln(h(0))
n

Although £(0)is unknown, it disappears in the calculation of C
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C(r)=-2 “Z In(—22  p0)e™” +— U h(0)e®T) + iur(r — k) + 2%111(/1(0))
n= (ap—ap) (a1 —ay) n
C(r)=-2 “Z In(—22 pn7 0Ty k)
n- (ap—ap) (a1 —ay)

a T anT
aye”l” —aje™?

C(r) =2 “2/ In(
n a —a

)+iur(r— Ak)

We obtain finally the value of D and C

2 aja (e —e®")

D(r)=
772 a2ealr _aleazr
17 [ art
C(r) =iu(r—zk)r—2“2/ n#2¢ 4"
n a —q
with a :—(a—zunp)+d a :—(a—zunp)—d
2 2

and dz\/(a—iunp)2 +772u(u+i)

We can go further with the form of the functions C and D, in order to raise the precision of the

results obtained by numerical simulation.

For the calculus of D, we point out first that

a1 =%(—(a—iunp)—d)(—(a—iunp)+d) =%((a—iuf7p)2 _d?) =—%f72u(u+i)

(a) +ayp)t
With factorizing e 2 in the numerator and the denominator, we obtain then with little
algebra
a ;az T _a1 ;az Z'
1 : —e
D(r)=—u(u+1i)
2 ay—az _a1—ay
T T
are 2 —ae 2
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and with remarking d =a; —a,

dr dr
1 . e2 —¢ 2
D(7) —Eu(u+z) 7 i

a2€2 —ae 2

1 .
D(7r) = Eu(u +1) i e i dr

—;d(e 2 +e_2)—;(oc—iu77p)(ez —e 2)

With using the hyperbolic cotangent function,

1« -X
coth(x) = c9sh(x) = E(e o = (e +e )
sinh(x) l(ex e ) (e —e )
2
we obtain
D(z)=— u(u+1)

d coth(d;) +(a —iunp)

Using the same techniques of calculus

1 0![7 azealr _aleazT
C(z) = iut(r - k) — 2= In( )
n a —a
_(a—iunp)r dr dr
_ : o
C(r) = iur(r— k) - 22 1n(® (aje ae?),
2 d
7
dr
N e
C(T)ziur(r—ﬁ,k)—zaV (@ lu?]p)r+ln(a1e ae?
n? 2 d
dr
_ B L
C(T)Ziur(r—ﬁ,k)+aVT(“ 1”77,0)_20!V ln(ale aye :
772 772 d
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But

dr dr o E S H
e @) @) S @ra) s @) 5
ae —daje — 2 2 2 :
y d
dr dr i T S H
-5 T ama) Ty @ma) o @ta) e (@ta) o
ae —dajpe — 2 2 2 :
y d
dr dr dz dr
dr dr T Y 2 2
ve 2 —ae2 S 2te?) @2z o 2) dr, (a-iunp) . . dt
| 2 _ 2 . 2 =COSh(—)+—77pSinh(_)
d d d ? ‘ i

so we can conclude

2 2

C(r)=iut(r— k) +atV (@ =tup) 207 IH(COSh(ﬂ) + wsinh(ﬁ)j
n 7 2 d 2

Then
C(T)+vD(T)+i

¢XTC (u)zf(xo,vo,O):e (T)+vD(T)+iux

¢c(u) g n dcoth(7)+(a—iu77p)
clu)=e
XT
g d coth(—)+(a—iunp)

¢.c(u)= ¢ 2

XTC : 2aV

_ 2
(cosh(dT) + @ —wnp sinh(dT)j n
2 d 2
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Let’s now calculate the characteristic function of the jumps, ® 5 uw)=E (ei”Z’ ) where Zt is
t

a compound Poisson process of Gaussian distribution of jumps size

¥ ~ N(ln(1+k)—%az,02).

By Fourier representation of compound Poisson processes,

tA [ (™ ~1)F (dx)
O, u)y=e ¥
t

where F is the distribution of fl . So consequently,

tA [ " F (dx)~tA [ F(dx)
R

12D 5 (u)—tA
O, u)=e ¥ e i
t

where @y is the characteristic function of Y;. ¥; is Gaussian, so we can use Laplace

1
transform,

iu(ln(1+k)—1az)+1i2u202 iu(ln(1+k)—1az)—1u202
Oy ()=e 2 2 =e 2 2
1

So the characteristic function of the jumps is
Juzazﬂu(ln(nk)%az)

q)Z (u)zetl(e 2 1)
t

We obtain after this long calculus the form of the characteristic function of the price process

under the model of Bates

122 . 1 2
plai ' - —u=o=+iu(In(l+k)— o)
iut(r—ik).;.atV(a ll;ﬂp)_v() Zt(uﬂ) L0 4110 Ju~o+iu(ln Rel
n d coth(—)+(a—iunp)
x, ()= 2
" %7
cosh(%y 4+ &P G4ty |
2 d 7
with d =\/(a—iw7p)2 + 1% u(u +i)
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VI- Numerical Simulation of the model of Bates

A- Monte Carlo Methods
We use the equations
dx, = (r—lk—%Vt)dtJr\/thth +dZ,

AV, = a(V =V,)dt +n\[V,dw?

On a grid {xo =0,x1,0,x, =T } with a chosen precision n, we simulate

- a2-dimensionnal Brownian motion vector (G1 , G? ) with correlation p

- acompound Poisson process Z with intensity 4 and jumps’ sizes Y;

We computate for j=1to j=n
1 Al
XXj = Xxj71 +(r—Ak _Eij*I )()C] —)Cj_l)“r‘ ij71 iji1 + ij71

o [ 2
ij = OK(V - ij71 )(XJ - Xj_l ) +n Vx171 ij71

where X and V|, are a given parameters of the model.

Then we calculate e _t)h(eX’ ) which is the price of the option. If the payoff is

h— (eX’ —K)* (plain vanilla call) then ™" (T-1) (X7 —K)™ is one value of the premium of

the call.

We repeat this operation 100 000 times, making hence 100 000 scenarios of evolution of the

price, and we take the final average value of the premium.

In order to reduce the variance, we can use the method of the antithetic variable.
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B- Semi-closed form pricing formula with FFT algorithm

We will see in this part the famous technique of Carr and Madan to compute numerically the

price of an option knowing the characteristic function of the log price of the underlying X, , or

the characteristic function of the logarithm of the price. This technique is based on FFT
transform as the pricing algorithm complexity for a whole range of strikes is comparable to
the one of Black and Scholes model. This approach is systematically used when there is no

closed form of the density of X; = In(S;), but only a closed form of its characteristic function.

Let’s consider the following premium of a plain vanilla call, with denoting f Sy the density of

St and [y the density of X7 under O,

Cr(K)=e"TEq((Sr -K)" | Fy)

Cr(K)=e " TEg((Sr-K)) =T Eg(Sp —K)ls, >k)

+00
Cr(K)= [ e (s=K)lysg fs, (s)ds

0

+00
Cr(K)= [ e (s=K)fs, (s)ds
K

With a mere variable changing, we use the log price and we setk =In K ,

+00
Crky= [ e (e’ ") fx, (s)ds
k

Now we would like to calculate the Fourier transform of the price of the call.

b (v) = [ ™ Cp(k)dk
R

but this integral doesn’t make sense since Cy is not square integrable. !

In effect, by Lebesgue theorem

3! A necessary condition for Cr to be square integrable is that lim Cyp(k)=0
k—>—o0
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11m Crl= j e (e’ ~0)fx, (s)ds

—00

and considering ¢S, is a martingale

lim Cr(k)=e " TEg(*T)=Eg(e™ Sy | Fo)=e"0Sy=5y>0

k——o0

Then
Cr(k)=S, and j Cy(k)dk > S, j dk = +o0
R R

Hence, Cy is not integrable and consequently not square integrable so its Fourier Transform

doesn’t exist.

We consider then a modified function cp (k) = e Cr (k) which is square integrable for a

suitable « that must be calibrated with the others parameters of the model.

Now we get the Fourier Transform of the modified premium cp

dr(v) = [e™er(k)dk
R

¢T (V) _ e—rT +J.Ooeivk {eak +J?O (es _ ek )fXT (S)dS]dk
—0 k

+00 +00

pr=eT [ [ e e™ (e —eb) fy, (s)dsdk
—0 k

We will now interchange the integrals with remarking that
—0<k<+0 and k<5< 400
so the reverse integration area is given by

—0<s<4+00 and —w0<k<s

privy=e’" j j Mok (o5 — k) fy (s)dkds

—00 —00

privy=e’" j j Mok (o5 — k) fy (s)dkds

—00 —00
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+ 00 S . .
¢T (V) — e—FT J‘ fXT (S) J'(ese(aﬂv)k _e(a+1+lV)k )dk]ds

—o0
+oo [ s , (a+1+iv)k 1°
pr)=e"" [ fyx. () =l —e—.} ds
e a+iv a+1+iv
L —00
B T+oo e(a+iv+1)s e(a+1+iv)s
gr(v)=e"" [ ( — - —)fx, (s)ds
. a+tiv a+1+iv

(a+iv+D) X7 e(a+1+iv)XT

V) = e—rTE e 3
ort) of a+iv a+l+iv
by (v) = TE ((0! +1+ l'v)e(a+iv+1)XT —(a+ l-v)e(a+l+iv)XT :
' ¢ (a+iv)(a+1+iv)
. XT
¢T (V) — e—rTEQ( 5 (0[ +1v+ l)e .
a”+a+QRa+iv-v
Y, . XT
¢T (v) = e—rTEQ( 21( ia+v+-—i)e .
a“+a+QRa+iv-v
- iv=ila+1) X7
prov=e"TEg(— )
a”+a+QRa+iv-v
So we obtain
y, (v-i(a+1)
— —I”T XT
gr(v)=e > —
a“+a+QRa+iv-v
where Dy, (u)=Ep (ei”XT ) is the characteristic function of X

By inverse Fourier Transform, we obtain a first form of the modified premium

@y (v—i(a+1)

a? +a+QRa+1)iv-v

1 —iv e—rT —iv
quzﬂek@@wzzgp k -
R

R

We know that a function is real if and only if the real part of its Fourier transform is even and

the imaginary part is odd. As cp (k) = e Cyr (k) is areal function, we have
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Re(gr (—v)) = Re(gr (v)) and  Im(¢r (—v)) = —Im(gr (v))

Then

er ()= Reler () = [Rete™ g (av - o [Rete™ )
Set h(v) = Re(e ™ g (v))
Then h(v) = Re(e ™) Re(gr (v) — Im(e ™) Im(gy (v))

h(v) = cos(—vk)Re(¢r (v)) — sin(—vk) Im(d7 (v))
h(v) = cos(vk)Re(gr (v)) + sin(vk) Im(gy (v))

And so h(=v) = cos(=vk) Re(pr (=v)) + sin(=vk) Im(gr (=v))

h(=v) = cos(vk) Re(¢y (v)) + sin(vk) Im(dy (v)) = h(v)

Using the fact that h:v—> Re(e_in ¢r(v)) is even 3 we obtain the last form of the call

price, expressed as a function of the characteristic function of X

-k +o -rT—ak +o Dy (v-i(la+1)
Crk)="— [ e ™gr@yav="—e. [ e =1 .
0 T 0 a”+a+Qa+iv—v

This formula is semi-closed because all is known except the value of the integral that we

simulate numerically. This expression will be computed using the FFT algorithm.

We can first numerically compute Cp on a uniform grid {xo,..,x j,..,xN} where

dx = Xj4 = X

>2 For any complex numbers u = a +ib and v = ¢ +id
Re(uv) =Re((a +ib)(c +id)) = ab — dc = Re(u) Re(v) — Im(u) Im(v)

+00 +00 0 +00 0 +00
If fiseventhen f(x)= f(-x) so jf(x)dx = j S(x)dx + jf(x)dx = j Sf(x)dx - jf(—x)dx =2 _[f(x)dx
—0 0 —0 0

+00 0
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—ak +o©

Cr(k)=5— [ e ™gr(v)av
0
-ak N-1 . T e—ak N-1 . e
as Cr (k) = Yo gr(x ) —x)) = Y e " gr(xj)Ax
j=0 j=0

where O(N 2) operations are needed .

FFT algorithm provides a O(nlog(n)) number of operations for the computation Discrete

Fourier integrals of the form

To apply FFT algorithm to our premium Cy, we consider then a grid of log strikes distributed

around the log spot price X) with adistance Ay (N)=Ay =k;1 —k;,

kj :—%NA,{ +ALj+Xy with  je[0,N—1]

Then we approximate the premium of a call of strike & j with the discrete Fourier transform

T

Cr(k;)= e N gr (x,)Ax
T u=0

—ak ; .1

e j N-1 it AL lxu(*NAk—Xo)
Crk;)=~ Y e bkl #r (x,)Ax

. . 2 ) 2
With choosing Ay :iﬁﬁ, ie x, Ag =u§
X

o % N-1 L ( NAL—Xp)

Z e Noe ¢T(xu)Ax

CT(kj)~—

So we can compute FFT with
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W =Crik)
and

ix, (N, = Xo)

Yu =€ ¢T(xu)Ax-

With this method and the choice of

we have to deal with the following trade-off : the choice of a high N will affect the time of

execution of the routine while it while give an accurate range a strikes round the strike of §,.

We have to arbitrate between the density of the strikes and the computational time.
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C- Numerical simulation of a surface of volatility
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110
115 o §
1205

Implied volatility surface — Model of Bates (FFT)

Parameters

r =0.05 (risk free rate) n=1 (volatility of volatility)

A=1 (average number of jumps per year) p =-0.7 (leverage effect)

k =-0.25 (average size of jumps in %) & ppr=0.75 (parameter of the FFT)
o =0.1 (volatility of jumps)

a =4 (mean reverting)

V,=0.09 (initial volatility)

V =0.09 (long volatility)

Bates’ model : dX, = (r— 2k - % V,)dt+ [V, aw; +dz,

v, = a(V =V,)dt + [V, dw}?

<aw},aw? >= pdt

N, . R
2,=37, Yl.~N(ln(1+k)—%O'2,O'2) , N, ~ P(4)
i=1
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Annexes

Illustration of classic Ito Calculus

The more famous application of such calculus is of course the Black-Scholes Formula, from

which we derive closed-form expression of §; from the equation of diffusion.

In this model, u(¢,S;) = w.S; and o(¢,S,)= 0.S; where u and o are constant reals
dS; = p.S;.dt + 0.5,.dW,
which we denote it in the more usual form
dS—S;t = pudt + o.dW;
to focus on the evolution of the return of the asset as a linear evolution over time (linear

capitalization with the rate x ) plus a volatility multiplied by a normal distribution centered

in 0 with variance .

Applying It6’s formula with f (x)= In(x), we obtain
dIn(S,) = i.ds, +l(—%).0'2.St2 dt
S; 2 5,

In(S,) - In(Sy) = Si .S, dt + Sia.st.th -%.az.dt

t t
In(S,)—1In(Sy) = pdt + c.dW, -%.az dt

t

But (,u—laz)dt = (u—laz)t
R 2 2
0
‘ t
and o.dW,; = G.I adw, =oc.(W; —Wy) = oW, >
0 0

Then we obtain the closed-from formula of S,

(y—l.az)HO'.W,

>4 Wy~ N(0,0) so is a.s equal to 0.
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Construction of a Poisson process from a Radon measure

For any Radon measure x# on E — ‘R, there exists a Poisson measure M on E with intensity

L . In effect, it is sufficient to take

H(A)
HU(E)

- M(E) as a Poisson random variable with intensity x(E), M (E) independent of the

- asequel of i.i.d random variables so that p(X; € 4) =

X

i

M(E)
We construct then M(4)= > 1,4(X;)
i=1

We obtain :
p(M(A) =)= 3 p(M(A) =k | M(E)=n).p(M(E) = n)
n=1
0 M(E)

pM(A)=k)=> p( Y1(X;)=k | M(E)=n).p(M(E)=n)

n=1 i=1

p(M(A) = k)= %ol p(ilA(Xi) =k).p(M(E) = n)

n=1 i=1
n
We know that p(M(E)=n)= @e—ﬂ@)
n.

p(4)

In the other hand, every random variable 1 4(X;) takes the value 1 with probability ——

and the value 0 with probability (1-% ). The random variables 1 ,(X;) being independent,
U

nl X)=k :Ck 'U(A) k l_ﬂ(A) n—k
p(zl 4(X7) ) n(,u(E)) ( ﬂ(E))

Note that if £ > n this expression is null. So we can count with n > k . Then,

M(A) =k) = OOCII; LA) k l_ﬂ(A) n—k M(E)" —u(E)
p(M(A) = k) ,Ek (,u(E)) ( ,u(E)) e

0 n—k
p(M ()= k) = Ekc,’; (%)" (- zgﬂ‘ “(Er)l! u(EY D)
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p(M(A) = k) = () B 5 1 () ()

Cy
_, n

n=k

A iy 2 (uE) - u(4)"F
PM(A)=k) = e ,Ek b

k o "
p(M(A)=k) = %e—mm $ (u(E) = ()

n=0 n!

M ey wE-ua
pM(A)=k)= T e e

k
p(M(A)=k)= %e—ﬂ(/‘l)

M(.) is then a Poisson process of intensity z(.)
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An introduction to Lévy Khinchin representation of Lévy processes (*)

Given a process X, with finite number of jumps, we have seen that if X, can be represented

as follow

X, =p+W,+ YA =p+W;+ [xJy(ds,dx)
s€[0,¢] [0,¢]xR

where J y is random Poisson measure with intensity v(dx)dt then X, is a Lévy process

Conversely, when we want to represent any Lévy process with this form we face a difficulty
concerning the number of jumps. It is clear that any Lévy process that has an infinite number
of jumps is not cadlag nor a Lévy process anymore. But in reality, a Lévy process can have an
infinity of jumps whose size is around 0, without being in contradiction with the cadlag rule.
The behaviour of a path with a an infinity of small jumps seems close to the behaviour of a
Brownian in a macro level, while in reality we have on one hand a continuous process an in

the other hand a pure discontinuous jump process.

The Lévy process is said then of infinite activity, as contrary to some finite activity processes

like compound Poisson processes which have a bounded number of jumps of any size.

In this case, the measure Jy (s,x) “blows up” when x is around 0, and the quantity

ij x (ds,dx) is non finite and does not make sense anymore.
[0,¢]xR

Let’s truncate the jumps by an arbitrary number, say 1 and see what happens in this kind of

representation, when taking to the limit £ — 0.

X, =pn+W, + ijX(ds,dx)+ ijX(ds,dx)

0<s<t,[x>1 0<s<t,e<|x<I

The first term has a finite number of jumps and thus is a compound Poisson process. Remark

that the truncating number could have been any strictly positive number.

The second one is still a non defined infinite quantity for £ — 0. But the centered version of

this integral
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jij (ds,dx) = I x(J x (ds,dx))— E( Ix(JX (ds,dx))

0<s<t,e<|x<l 0<s<t,e<|x|<1 0<s<t,e<|x|<l
jij (ds,dx) = jx(JX (ds,dx) —v(dx)dt)
0<s<t,e<|x<I 0<s<t,e<|x|<1

is a martingale and we can show that it converges by central-limit arguments.

Consequently, the expression

X;=pn+W+  [xJy(ds,dx)+  [xJy(ds,dx)

OSsSt,‘x‘Zl OSsSt,‘x‘Sl
is defined and there is a quiet technical proof that every Lévy process can be decomposed this
way. This property is known as the Lévy Itd6 decomposition. Here X, can be as well a single

process or a d-dimensional vector. Let B be the square matrix of variance and covariance of

the Brownian vector W, and

A=18.
t

var(,)

In the case where d =1, 4 is a scalar which value is =1.

Under some regularity conditions of the Lévy measure explained below, the triplet (4,v,y) is
called the characteristic triplet of the Lévy process X, because there is an equivalence

between the definition of the triplet and the definition of the Lévy process.

Lévy-It6 decomposition

If X, is a Lévy process on R then there exist a triplet (A,v,y) where
[(4% AT(dx) < +o0
R

such as

X;=pn+W+  [xJy(ds,dx)+  [xJy(ds,dx)

0<s<t|x=1 0<s<t,|x<l
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The regularity conditions of the measure v are summarized in the condition

I(|x|2 AW(dx) < +o0 > which means both Iv(dx) < +oo and Ixzv(dx) <+
R |x|>1 |1 <1

The measure v must be first finite for jumps which size is greater than one i.e jv(dx) < 400,
‘x‘zl

Besides the divergence around 0 must be dominated by x2

Ixzv(dx) < +00
‘x‘<l

which means that the variance of the part of the process where jumps size is smaller than one

must be finite to make sure that the small jumps are regular around 0.

In effect, we have seen that v(dx) = AF (dx)
thus [x*v(dx) =4 [x*F(dx)=Avar(X, | X, <1)<+»
‘x‘<l ‘x‘<l
ie [x2v(dx) < +o0 & var(X, | X, <1)<+oo
‘x‘<l

Lévy-Khinchin representation

If X, is a Lévy process on R with characteristic triplet (A,v,y) and

[(47 AD(dx) < +o0
&J:t

then with using usual notation of scalar product

E(eiuX’ )= etl//(u)

1 .
with y(u) = —Eu.Au +iyu+ I ("™ -1- iu.xl‘x‘sl)v(dx)
SRd

Another formulation of this theorem is that if X, is a Lévy process, then there exists a triplet

(4,v,y) such that the characteristic function of X, can be written as above. This formulation

> a A b =min(a,b)
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derives directly from the Lévy-Ito representation. Note that the drift y depends directly on the

truncature chosen, which is 1 in our paper.

The proof of this property starts from the Lévy-Itd decomposition, and uses both Laplace
transform for Gaussian vectors and characteristic function form of compound Poisson
processes. We demonstrate the proposition for the case d=1 with some notations of

multidimensional notations to make it valid in the case where X, is a multidimensional

vector.
(AW, +  [xJ y (ds,dx)+ [ xJ y (ds,dx)
¢Xt (u) — E(eluXt ) — E(e OSSSI,‘X‘ZI OSSSI,‘)C‘SI )
w(p+W,+  [xJ y(ds,dx)—  [xv(dx)ds
—E(e 0<s<t,R 0<s<t|x|<I )
. iu  [xJ y (ds,dx) i [xv(dx)ds
— eiu}/tE(elth )E(e 0<s<t,R )E(e OSSSZ,‘X‘SI )

This calculus exploits the independence of the Brownian motion and the jumps, and the

independence of the jumps distribution ¥;.

With Laplace transform for Gaussian vectors, B being the covariance matrix of the vector W,

iu(E(W,)-i—%(izu.Bu) —%tu.Au

E(ei”Wf):e =e

With characteristic function representation for compound Poisson processes

iu  [xJ y(ds,dx) tf (™ ~1)v(dx)
E(e 0<s<t,R ): e R
Besides,

t1
iu [ xv(dx)ds iuj' j v(dx)ds iut j 1‘
E(e 0<s<t,0<x<l1 ) =e 00 R

1 xXv(dx)

x‘s

Consequently,
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iu;/t—ltu.Au +t_f (ei”x —l)v(dx)+iut_[l‘x‘sl xvd (x)
by () =e n .
t(iu}/—lu.Au+ j(ei“x _1_iul\x\sl x)v(dx))

b, (W) =e ”

The Lévy-Khinchin formula is very useful and powerful. We can know the characteristic
function of every Lévy process and compute derivative prices through FFT transform (see

part VI).
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