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Abstract

We analyze the existence of preferred numbers on the french lotto market
and prove that this market is not strongly efficient in the sense of Thaler-
Ziemba (1988). The preference for low numbers is first put to light by means of
stochastic dominance tests. The specific features of the french lotto game allow
us to build a simple estimate of the probability distribution of numbers actually
played. The results are compared to the (highly time-consuming) maximum
likelihood estimator used by Farrell et al.(2000). 1t is shown that the two
methods give very close results.

1 Introduction

Pari mutuel betting markets such as the Lotto game are well-suited to investigate
efficiency issues and the rationality of players. The essential reason is that pari
mutuel gamblers bet against each other; the expected return in such a game not only
depends on the realized state of nature, that is to say, the result of the draw, but
also on two other variables. First, the total amount invested by bettors in a given
draw influences the expected return since a fixed part of the stakes returns to players.
Second, the numbers chosen by the other bettors determine the return of a given grid
because prizes are shared among all winners at a given rank.

If we assume that numbers are randomly drawn by the sponsor of the game, the
distribution of combinations selected by the players should be also randomly drawn
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at the aggregate level of the population of players. If it was not the case, a simple
strategy would be to pick unpopular numbers to get an abnormal expected return. It
is necessary to distinguish between positive and abnormal expected returns. In fact,
obtaining a positive expected return in such a game is very difficult, if not impossible,
due to a usually very high take-out rate (about 50%) in most countries.

Thaler and Ziemba (1988) modified the definition of efficiency to take into account
the fact that non monetary incentives can partially justify the players’ participation,
despite the high take-out rate. They define the weak form of efficiency as the impos-
sibility to obtain a positive expected return. The market is said strongly efficient if
all combinations generate the same expected return, that is one minus the take-out
rate.

In this paper, we analyze the efficiency of the french lotto market. There is some
evidence that the game is not weakly efficient; however, as players must participate
to two successive drawings on a given day, it is not clear if inefficencies can really be
profitable. We also prove that strong efficiency is clearly rejected. In other words,
the french lotto market exhibits the same inefficiencies as the ones pointed out in
many other countries'; some numbers are clearly preferred by players and others are
largely unpopular. It also confirms the experimental results presented by Boland and
Pawitan (1999) showing the difficulty for people to choose numbers randomly.

The french lotto market has some specific features; in particular, the rules gov-
erning rollovers are designed to prevent “lottomanias”, as depicted in Beenstock and
Haitovsky (2001). Moreover, since 1997, there are seven ranks of gains with three
ranks including the bonus number. This feature allows us to define a simple way
to estimate the probability distribution of numbers chosen by players. We compare
these estimates with the ones provided by sophisticated econometric methods, using
importance sampling, presented in Farrell et al, and show that the two methods give
close results.

The paper is organized as follows. Section 2 describes the evolution of the rules
of the french lotto game, especially the ones concerning the sharing of prizes and
the rollover rules. Section 3 contains the theoretical part of the work in which we
present the estimation methods. Section 4 contains our empirical results. It starts
by the description of the data our empirical analysis is based on ; then, preliminary
tests concerning the efficiency issue. We then develop the results obtained with the
maximum likehood estimator and the ”"bonus number” estimator. Finally, the weak
form of efficiency is tested by using a simple econometric model allowing us to define
popular and unpopular numbers; this approach leads to the valuation of the expected
return of the “most profitable” combinations.

We show that choosing unpopular numbers is not clearly sufficient to compensate
the large take-out rate, even if some numbers exhibit positive expected returns.

1See for example Ziemba et al.(1986) for the Canadian lotto, Scott and Gulley (1995) for various
U.S lotto games and Papachristou and Karamanis (1998) for the Greek lotto.



2 French lotto rules and publicly available infor-
mation

2.1 The rules of the game

The french lotto is a usual 6/49 game with a complementary (or bonus) number; it
started in may 1976 with one weekly draw on wednesdays. In March 1984 a second
draw was introduced on saturdays. Tickets played for the wednesday draw could
also participate to the saturday game (obviously with a doubled ticket price). Since
september 1990, two draws are performed each wednesday and each saturday.

On 9/13/1992, the “Systeme Flash” was introduced. It is the french equivalent
of the “Lucky Dip” or the “Quick Pick”, that is a way to randomly generate lotto
tickets for players.

Today, buying a ticket gives the right (and the obligation) to participate to the
two draws of one specified day, either wednesday or saturday. For regular draws,
no jackpot is announced; it is a pure pari mutuel game. About one half of the
stakes returns to the players; the take-out rate being now 49.5%. It was fairly stable
through time, varying from 46% at the starting date, to the current level, with a not
too surprising positive slope.

The french lotto is now managed by “La Francaise des Jeux” (referred to as FdJ
in the following), a state-owned firm created in 19782

Unfortunately, the rules of the game were periodically modified, especially con-
cerning the sharing of prizes among the winning ranks. At the beginning, there were
5 winning ranks, numbered from 1 to 5, corresponding to 6 to 3 matched numbers
plus the possibility 5+B consisting in finding 5 matched numbers plus the bonus
number (rank 2). The winning combination 3+B was introduced in 1984 when the
second weekly draw started; this winning possibility was only valid on saturday. The
corresponding monetary prize was ten times the one for 3 matched numbers. This
winning combination disappeared when the number of weekly draws rose to four.
Finally, it was reintroduced in October 1997 with another one, the 44-B combination.
Now, the seven winning combinations seem to be stabilized. Table 1 provides the
winning probabilities according to the period considered. Finally, it must be precised
that combinations 34+B and 4+4-B pay twice as much as the 3 and 4 combinations.

TABLE 1 around here

The price of a ticket was 1 french franc up to 6/19/1996 and doubled by this date,
a wednesday. It is interesting to notice, on figure 1 (week 962), that the amount
of sales did not jump on this occasion; people instantaneously adjusted the number
of tickets played without devoting more money to the game. It means that a lower
number of tickets was sold for each draw, then increasing the probability of a rollover.

2All the laws governing the game are available on the official website www.sojah.com.



In fact, focusing on the year of change, we observe that the mean number of jackpot
winners (rank 1) was 2.49 before the price change (96 draws) and 1.92 after (112
draws). Obviously, this modification is important to evaluate the expected return.
An other minor change came at the beginning of 2002 when tickets started to be sold
in euros, the price becoming 0.3 euro instead of the french franc equivalent of 0.304
(1 euro=6.55957 french francs).

FIGURE 1 AROUND HERE

Many papers study the influence of rollovers on demand. For the french case,
such a study is very difficult for several reasons. First, the rollover rules evolved
through time, not always in a clear way. Prizes not won at the first rank were first
distributed among the winners of the following ranks. Then, rules changed and 50%
of the amount devoted to the first rank of the second draw were carried over to the
first rank of the next draw. In 2002, a new rule appeared ; the way amounts not
won are shared is decided by the chief executive of the FdJ! In fact, all the prizes not
distributed at the second draw of a given day are put in what we call a Rollover Fund,
whose official name is “Fonds de Réserve et de Super Cagnotte”. Contrary to what
happens in many countries, it is not mandatory that the next draws benefit from the
rollover. The chief executive of the FdJ decides what to do with the money of the
Rollover Fund; more precisely, he decides when future jackpots will be fed by the
Fund and how much money will be used in these situations. All these informations
become public by means of announcements in the “Journal Officiel de la République
Francaise”; consequently, when players buy tickets, they are aware of extra jackpots.
Obviously, there is also advertising on radio and TV when such a case occurs. The
most common announced Jackpot in this case is 4 millions euros. Finally, since april
2003, the jackpot prize of the first draw, if not won, is transferred to the two lowest
ranks (3 and 3+C).

On the informational point of view, there is then no significant difference between
the french lotto and the corresponding game in other countries, if we assume that
players immediately integrate all the new information concerning rollovers, maybe a
rather strong assumption. In fact, the power given to the chief executive to allocate
amounts of the Rollover Fund prevents lottomania, such as the one observed, for
example, on the U.S Powerball when 17 rollovers appeared in a row, leading to a
$200 million jackpot prize (Hartley et al., 2000).

3 Theory and estimation methods

In this section, we present three methods to test the efficiency of the lotto market. The
two first are aimed to test strong efficiency by estimating the probability distribution
of numbers actually played. The maximum likelihood estimator used by Farrell et
al. (2000) is briefly described. The implementation of this method needs to simulate



combinations by means of importance sampling. It is then highly time-consuming. A
specific feature of the french lotto market (three winning ranks including the bonus
number) allows us to build a simple estimator of this probability distribution. The
third method presented here is aimed to test the possibility of getting positive returns
by playing unpopular numbers. It was already used in Ziemba et al. (1986) and
Papachristou and Karamanis (1998).

3.1 Maximum likelihood

Sponsors of lotto games do not publish the probability distribution of numbers actu-
ally played. It must be estimated through the use of public information, consisting
in results of official drawings, especially the number of winners at each rank and the
individual gains.

In the following, p refers to the vector of probabilities that numbers are picked
first; thereby, the probability that a particular combination is chosen differs from the
product of the estimated probabilities of numbers in the combination. This implicit
assumption is made in the model of Farrell et al.(2000) because they consider that a
combination play is equivalent to a draw without replacement of 6 numbers out of 49
with non uniform weights. As this assumption is sometimes observed in practice (the
number 7 is chosen for its own luck attributes independently of the other numbers in
a combination), there is evidence that players prefer combinations forming sequences
or, at least, that they do not choose numbers independently when, for example, they
play birthday dates. Using a sample of the actual distribution of combinations for a
single draw in the UK National Lottery, Simon (1999) directly showed the extent of
conscious selection. This expression was first employed by Clotfelter and Cook (1993)
to define non random choices of numbers.

Hereafter, we describe briefly the methodology, details can be found in Farrell et
al..

Let p(i) the probability that number i is picked first among the 49 numbers; the
p(i) are positive numbers summing to 1. A random choice would mean p(i) = 5 for
each number i. The probability of drawing six given ordered numbers {ay, ..., ag} is :

p(ai)p(az)...p(as)

P(a;p) = I, (1 — 23-21 p(aj))

The denominator takes into account the “without replacement” feature of the
drawing. Let o the selection of these six numbers without order, that is to say, the
subset of all ordered sets containing {ay, ..., ag} . The probability of choosing o is then
given by :

op)= plai)p(az)...p(as)
T T (= ko)

where p is a permutation of a and P (o) is the set of the 720 permutations of o.
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A similar expression for subsets of three numbers can be obtained by the following
formula : . . .
Piosp)= Y p(j1)p(J2)---p(Js)
rdoteS @iy 1oy (1 = 2=t P(jk))

where S (3;0) is the set of all arrangements of six numbers having exactly three
common numbers with o.

The parameters p can then be estimated through the maximization of likelihood,
using the numbers of winners at the first (6 correct numbers) and last rank (3 correct
numbers) and the number of tickets sold, denoted respectively as NE, N¥ and Q*
for the k-th drawing. Knowing that our sample contains m = 3638 drawings, the
likelihood is written as :

m

> [N (P (o p)) + Ni In (Py (04:p)) + (@ = N§ = N§) In (1= P (@4 p) = Ps (4 p))

As pointed out by Farrell et al., the set S (3;0) contains millions of elements. To
obtain unbiased estimates of P3 (o;p), Farrell et al. apply the technique of impor-
tance sampling, that is they use a Monte Carlo simulation method to generate combi-
nations according to the estimated probability distribution. This procedure is briefly
described here?. For each draw o, H(= 500) combinations without replacement of 3
numbers out of oy, and H (= 500) combinations without replacement of 3 numbers out
of the complementary of o are drawn. Finally, for each draw o, H(= 500) ordered
combinations of numbers out of {1,2,3,4,5,6} are drawn to determine the positions
of the three numbers drawn out of o and to define simulated vectors k;, of the set
S (3;0%). These vectors are used to compute Ps(oy;p) = =500 % where
q(kp,) are probabilities of the simulated vectors kj,. An antithetic variance-reduction
argument is also used to give asymptotically consistent estimates.

Though this estimator has interesting convergence properties, the simulation method
takes much computer time, in fact several complete days for our complete sample of
3638 drawings (Farrell et al. computed estimators with 116 draws). Consequently,
we seized the opportunity given by the specific features of the french lotto to build a
much more simple estimator. We show in section 4 that the two estimators provide
very close results.

3.2 The bonus number estimator

The specific feature of the french lotto market, that is to say, the seven ranks of gains
(since october 1997) including three ranks with the bonus number, allows to largely
simplify the estimation of the probability distribution of numbers actually played.
The essential problem mentioned earlier was that the set S (3; o) is too large to allow
complete coverage in the maximum likelihood procedure. In fact, the weakness of

3A complete technical explanation can be found in Farrell et al.’s Appendix B.
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public data relies on the impossibility to infer the exact numbers chosen by a player
when the only information you know is that the player notched three correct numbers.
However, when 3+B is a winning combination, you know for sure that a winner at
this rank selected the bonus number. The intuitive idea in the following is to consider
the subset of 3 and 3+B winners as a sample of the population of tickets. The ratio of
the number of 3+B-winners and 3-winners, compared to the theoretical ratio arising
under the uniform distribution, is a good indicator of the popularity of the bonus
number under consideration.

Let Q* still denote the number of tickets played in the k-th drawing. If we knew
the numbers notched by the players, the estimation of p would be obtained simply

6Qk,M’lC being the number of tickets

containing number . As 372, M¥ = 6Q*, we could get the probability distribution of
numbers for a given drawing. The method would be the same in aggregating several
successive drawings as long as it is assumed that the probability distribution is stable
through time. Unfortunately, the MF are unknown and were indirectly estimated in
the preceding section.

Considering the set N2y of winning combinations at ranks 6 and 7, that is the
grids matching either 3 numbers or 3 numbers plus the bonus number in drawing &,
and denoting N¥; = Card (./\/’SB> , We can write :

by calculating, for each number i the ratio

N}g = N§ + N§,

where N} and N% are the numbers of winning tickets at ranks 7 (subset NX) and 6
(subset NE), respectively.
Let i be the bonus number in drawing k: N5 can be rewritten as :

Nig = ¢"(i))N§z + (1 — ¢" (1)) Nip

where ¢*(i) is the proportion of tickets containing 4 in the subset of winning tickets
at ranks 3 and 3+B.

Knowing the N¥ and NE, we easily obtain ¢*(i) when i is the bonus number
in drawing k. Under the uniform distribution, the proportion of grids, denoted as «,

containing 3+B correct numbers in the subset NFUNE is a = 0_20%3_ =6.976 7x 1072
42 142

We then estimate, p*(i) by p*(i) = 49>(<a The ratio @ may be interpreted as a
measure of popularity of number i in drawing k£ and - 75 18, obviously, the probability
of choosing ¢ first under the uniform distribution.

p(7) is then estimated by :

— Zp 1{ak_l} (1)

m; 5

where m; is the number of drawings with i as the bonus number and a* is the
bonus number in drawing k.



It must be noticed that this approach could also be used with 4+B and 5+B win-
ning combinations (ranks 4 and 2). However, the number of winners at these ranks
is considerably lower than the one observed at the 3+C rank. Consequently, aggre-
gating the three ranks doesn’t improve the estimation*. This remark also explains
why this estimator cannot be used for most lotto games since they only offer the 5+B
winning rank, with a low number of winners.

3.3 Estimation of the expected returns of numbers

Numbers selection is seemingly not random and this kind of behavior could generate
violations to the weak form of efficiency. As a matter of fact, drawings of unpopular
numbers are associated with larger unit payoffs because there exist only a few players
who choose these particular combinations. The popular numbers then give rise, when
they are drawn, to lower unit payoffs since the pool is shared among numerous winning
players.

The evidence of conscious selection in this subsection is based on the simple econo-
metric model of Ziemba and al. (1986). This methodology allows to rank numbers by
their unpopularity. Moreover, it helps to reveal those numbers which are sufficiently
unpopular to be systematically associated with positive payoffs.

The expected payoftf per euro is defined as the sum of prizes weighted by the
probability that they are won:

2”: Prm;
R, = =
c
where 7; is the prize of rank 4 (from 1 to 7 in the french lotto system since 1997),
P; is the probability that a random ticket wins the rank i’s prize, and c is the euro
price® of a ticket.
The regression equation is:

49
Ry = [ ai*e™
i=1

where z; is a dummy variable which is set to 1 if the ¢-th number appeared in
the k-th drawing and zero otherwise; u; is the corresponding disturbance term.

The regression of the expected payoff against the lotto numbers allows us to
evaluate each number’s contribution to the total pot of the drawing. In this equation,
parameters «; are the profitability factors. The regressing equation is first linearized
by taking logarithms on both sides:

4The results for this case are available upon request.
®Since 19th of june 1996, the ticket price has doubled (0.304898 euro or 2 french francs) and has
been rounded to 0.3 euro at the beginning of 2002.



49
In Rk = Z A; Tk + Uk

=1

Numbers are defined as unprofitable if H,(a; > 1) or equivalently H,(a; > 0) is
rejected at conventional probability levels by means of a one-tail t-test. Conversely,
numbers are defined as profitable if H,(c; < 1) or equivalently H,(a; < 0) is rejected
at conventional probability levels by means of a one-tail t-test. Finally, numbers are
defined as average if they are neither profitable nor unprofitable, i.e. H,(o; = 1) or
equivalently H,(a; = 0) is not rejected at conventional probability levels by means of
a two-tail t-test.

4 Empirical results

4.1 The data

All the lotto results since the origin can be freely downloaded on the official website of
the FdJ® . For each drawing, the six drawn numbers, the bonus number, the number
of winners at each rank and, finally, the unit prizes are available. The game started
in may 1976 but, in the first weeks, tickets were sold in the Paris region only. The
game was subsequently extended to the whole country. However, as the probability
of a winner at the first rank is strongly linked to the number of tickets sold, there
were many rollovers in the starting period. We then decided to start the study at
the beginning of 1978, deleting one year and a half, more precisely 84 weeks (and
draws). The database then consists in 3638 draws on a period of 25 years, ending
on 4/26/2003. It is a large database, compared to the ones used in related studies.
For example Farrell et al. analyzed 116 drawings, Finkelstein (1995) 176, Forrest et
al.(2002), 254 drawings and Papachristou and Karamanis (1998), 414 drawings.

Our data, associated with the sharing rules and the take-out rate, allow to recover
the number of tickets sold for each draw. It is worth mentioning that the level of
sales is not publicly announced by FdJ, contrary to what is observed for some foreign
lotteries’.

Statistics about the combinations chosen by french players are not publicly avail-
able; it is a common practice among lotto organizers, this information being consid-
ered as a strategic one. Simon (1999) obtained, for a single draw, the distribution
of combinations, that is to say, the number of combinations played one time, two
times and so on. He observed that this distribution was highly non standard and far
from the uniform distribution. For the specific draw he considered, about 70 millions

Swww.fdjeux.com

"For example, Camelot, the firm organizing the british lotto, publishes the level of sales on its
website and the belgian lottery as well.



tickets were sold, implying that the mean number of occurrences of any combination
should be around 5 under the uniform distribution hypothesis. In fact, the distribu-
tion was highly skewed. On one side, the number of combinations not played at all
in this draw was really high, compared to the expected number that should occur
under random selection. On the other side, the 1% most popular set of combinations
accounted for 10% of the grids, to be compared to the 2.5% expected in a random
selection.

4.2 The estimation of sales

To estimate the number of tickets sold, we used the data concerning the sharing of
prizes. As the way gains are shared across ranks has evolved through time, the data
concerning the successive regimes were collected on the official website devoted to the
legislation on games.

To avoid the problem of rollovers in this estimation, we only considered the per-
centage of stakes devoted to the ranks 6 and 7 (combinations with three correct
numbers or three numbers plus the bonus number).

Let G% the unit gains at rank j in the k-th draw (k = 1,2) on a given day and NF
the corresponding number of winners. The total gains for ranks 6 and 7 are given by

2

7
> > GIN}

k=17=6

If 7 is the take-out rate, mg; the percentage of stakes devoted to ranks 6 and 7
and P the price of a ticket, we obtain the number of tickets sold, denoted as T' by :

_ Sk 2 GINT
2 X P(]_ — T) 67

Prizes were rounded to the lower franc before 2002 and to the lower tenth of euro
since then. Without any other information, we added 0.5 franc to the prizes up to
the end of 2001 and 0.05 euro since the beginning of 2002 to estimate the level of
sales. For each draw, this correction corresponds to 200000 to 400000 tickets.

The coefficient 2 in the denominator is related to the fact that tickets are valid
for the two draws of the day under consideration. Consequently, the ticket price is
the one for one draw, that is 0.3 euro today. Figure 2 illustrates the evolution of the
number of tickets sold for each draw since the beginning of 1978. Several regimes can
be observed. The changes of regime occur essentially at three points in time. First, in
1984, when a saturday draw was introduced, second in 1990 when two draws per day
were introduced and, finally, on 6/19/1996 when the price of the ticket was doubled.

FIGURE 2 AROUND HERE
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4.3 Summary statistics and preliminary tests

The number of first-rank winners stays in the range [0; 103]. However, as the number
of draws leading to more than 16 winners is low, they are grouped in the same category
in table 3.

TABLE 3 AROUND HERE

More than half of the draws end up with less than two winners. Moreover, in 16%
of the draws, there is no winner at the first rank.

The first question to be answered concerns the randomness of draws. Each drawing
is taken in a population of C$y possible combinations. The usual x? test cannot be
used since successive numbers within a draw are not independent. Joe (1993) provided
a test statistic to take this case into account®, an adjustment already used in Stern
and Cover (1989) in their study of the Canadian 6/49 Lotto. The variable x? defined

as
N-1X (0, - E)?
2 i
A ) Dy

—ni3

is asymptotically distributed as a x? random variable with N — 1 degrees of freedom.
N = 49 is the number of balls, n = 6 is the number of balls to be drawn, O; is the
observed frequency of number 7 and F' = m % is the expected frequency under random
selection, m = 3638 being the sample size. The computed value of x% is 49.02 on our
sample, to be compared to the critical value at the 5% level, Xig;o.% = 65.2.

We also tested randomness by means of the usual Kolmogorov-Smirnov test. The
critical value dy at the a-level is defined by :

P <sgp |Fn(i) — F(§)] < dN) —1-a

For o = 5%, the critical value is dy = 0.19028 when our observed value is 0.006.

These results suggest that the drawing mechanism used by FdJ is a fair one. In
the following, we will then focus on the conscious selection of numbers by players,
assuming that the drawing mechanism is random.

4.4 Evidence of preferred subsets of numbers?

The usual arguments in favor of conscious selection are based on the observation
that people prefer to choose numbers according to their own rules. A non-uniform
distribution is likely to appear as soon as these rules may be shared by many players.

8 Another way to implement a test of randomness of lotto combinations is to write the x? statistic
at the combinations’ level. Genest et al. (2002) show that this variable may be approximated by
a weighted sum of six y2-distributed random variables. It allows to test combinations of subsets of
numbers in the six numbers draws.
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The most well known example concerns birthday dates. In other words, people picking
numbers with such heuristics will generally notch low numbers in a 6/49 game. This
hypothesis has been confirmed by Finkelstein (1995) for the California lottery and
by Papachristou and Karamanis (1998) for the Greek lotto. In this section, we first
analyze the relationship between the number of winners at the first rank and the
drawn numbers.

4.4.1 Mean of draws and number of winners

The ”birthday date” effect can be roughly summarized by saying that players prefer
low numbers. Then, a simple way to test such an assumption is to link the number
of first-rank winners to the mean of the drawn numbers. Figure 4 illustrates the
relationship between the two variables. In case of a random choice by players, the
number of winners at the first rank would only be influenced by the volume of tickets
sold. On the contrary, if players share some rules to choose numbers, the distribution
of drawn numbers, conditional on the number of winners, is likely to be different from
the uniform distribution.

FIGURE 4 AROUND HERE

It appears clearly that the number of first-rank winners is a decreasing function of
the mean of the draw, suggesting that people have a tendency to select low numbers.
This preliminary observation doesn’t take the level of sales into account, this variable
being a natural explanatory variable. To deal with this problem, let X be the mean of
the draw and N} the number of winners at the first rank in drawing & (the index refers
to the number of matched numbers). The null hypothesis of random selection implies
that N} may be explained by the level of sales. If we denote by Np the number
of possible draws (13983816 in a 6/49 game), and () the number of tickets sold,
the distribution of the number of winners is binomial (Q; NLD) . Taking into account
the size of these parameters, it can be approximated by a Poisson distribution with
parameter \ = % Let Z be the vector defined as the standardized deviation of the

number of winners : i i
NE— X
7= 6—,kz1,...,m>
( VA

We then perform the following regression :
Z=aX+bl+¢

where 1 is a vector of ones. Table 2 summarizes the results. It appears that the mean
of draws is highly significant to explain the deviation of the number of winners at the
first rank. The t-value of a is -18.49 and the R? is 0.086. This result gives a strong
indication of the tendency of players to choose low numbers. This effect is reinforced
by the fact that some players (unfortunately an unknown proportion) buy tickets by
means of the “Systeme Flash”, then getting random numbers on their grids.
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4.4.2 Alternative tests of conscious choice

The preceding paragraph showed that preferred combinations contain smaller num-
bers than unpopular ones. However, the relation concerned the mean of the draws,
that is a very rough statistic in this case. To get more insights in the relationship
between the number of winners and the numbers actually selected by the players,
we refer now to the usual concept of first-order stochastic dominance, denoted as .
Let F' the cumulative distribution of the variable “number selected”, denoted as X,
taking values in the set of integers between 1 and 49. Keeping the preceding nota-
tions, there are M = 6 x m = 21828 numbers drawn in the sample. As illustrated
before, the uniform distribution assumption cannot be rejected on the whole sample
of official draws. Let now N} denote the random variable “number of winners at the
first rank in drawing k7. If people choose randomly their numbers, the variables X
and NI are independent. Let F; the distribution function of numbers, conditional

on the event {Néc =] } and Fj+ the distribution function conditional on the event
{NE >3}

Figure 5 shows the differences F; — Fy and Fi+ — Fy which are always positive. It
implies that the conditional distribution of numbers when there is no winner domi-
nates the corresponding distribution when there is exactly one winner or when there
are more than one winner at the first rank.

FIGURE 5 around here

It clearly illustrates the conscious choice of small numbers by players. This result
is remarkable because we didn’t take into account the level of sales which may be
important in the explanation of rollovers. However, there is no reason to think that a
relationship exists between the level of sales and the numbers appearing in the official
drawing.

To confirm these relationships, we divide the set of 49 numbers in seven subsets
of equal range. Table 4 contains the frequencies in each group of numbers when there
are 0,1,2 and more than five winners. The last line in the table gives the y? when
these distributions are compared to the uniform one. The critical values of the y? test
are respectively 12.6 and 18.5 at the 95% and 99.5% levels. It appears that the null
hypothesis is rejected in three of the four cases. However, in the two first, the large
numbers are over-represented in the sample. The opposite is observed on the last
category, corresponding to draws with more than five winners. It then confirms the
conscious selection of numbers and the dependence between the number of first-rank
winners and the numbers drawn.

4.5 Maximum likelihood results

The maximum likelihood estimation described in section 3.1 is first applied to our
whole sample. As in the french case, ranks 6 and 7 refer to 3 winning numbers with

13



or without the complementary number, we use Ni; = N¥ + N¥ instead of N¥ in the
likelihood expression. Moreover, the numbers of tickets sold in each draw is computed
according to the methodology of subsection 4.1.

Figure 6 shows the estimated probability distribution of numbers chosen by play-
ers. As most of the studies in other countries, we observe a non uniform distribution®.
Numbers above 29, roughly speaking, numbers that are not birthday dates, appear
to be clearly less popular than lower numbers. This is also the case of numbers 1, 2,
20, 21 and 23 but for these numbers there is no explanation of such a behavior. The
more popular numbers are those to which people usually impart chance attributes (7,
12, 13), though it is unclear why 12 is more popular than 13.

FIGURE 6 around here

On the opposite, 32, 39,40 and 41 are the most unpopular numbers; these numbers
are likely to generate positive returns or, at least less negative returns. It will be
confirmed later on in the test of weak efficiency.

4.5.1 Comparison of maximum likelihood and bonus number estimations

As said before, 3+B is a specific winning combination in the french lotto since October
1997. Our database contains 1156 drawings since this date. We can then compare
the two estimation methods on this subset. The number of times a given bonus
number appears on these 1156 drawings varies from 14 to 35. For each number,
we calculated the estimated probability of occurrence of each number by means of
equation 1. Figure 7 summarizes the results. The average difference between the two
estimators is 0.15% (calculated with respect to MLE values). The absolute individual
differences are in the range [—13.6 x 107%;12.58 x 107*] . Consequently, it can be seen
on figure 7 that the two estimations are very close, identifying the same popular and
unpopular numbers. The greatest advantage of the bonus number estimator is that
it can be instantaneously obtained when the maximum likehood estimator needs
several hours of CPU time. However, as mentionned before, this technique cannot
be used with profit when only the 5+B combination is a winning one. Figure 8
compares this estimation with the one obtained by maximum likelihood. Due to the
low number of winners at rank 5+B, large differences appear between the two, even
if the most popular and unpopular numbers are correctly identified. For example,
the largest difference is observed for number 24; this number appears 25 times as a
bonus number in the sample. But the mean number of 5+B winners is 15.8 which is
very low to get a correct estimate of the probability.

90ur results cannot be directly compared to those obtained by Farrell et al. because their
estimation takes into account the number of tickets that use the lucky dip facility. However, their
estimates with and without the facility are similar and the authors claim that this device only affects
the likelihood of the sample so that allowing for it is important.
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The other interesting point lies in the comparison of figures 6 and 7. The first
one concerns the whole period, starting in 1978 while the other concerns the last six
years. The low differences between the two is impressive. It means that preferences for
“lucky” numbers are very stable through time. An other interpretation is that players
do not learn anything from the results of the successive drawings. They continue to
play “low return” combinations. In the following, we address this question to evaluate
if some combinations can generate positive returns.

4.5.2 Regression results

Table 5 shows the regression coefficients of the 49 numbers (values in parentheses
are t-values), computed over the full sample of 3638 drawings (R? = 0.122), using
the model presented in section 3.3. A vast majority of coefficients are negative ; it
indicates that, obviously, most numbers are not profitable. However, some numbers
exhibit a significant positive return, also confirming that choices are not random?.

Overselected numbers in the french lotto market are the following: 7, 12, 9, 13,
11, 5, 10, 8, 24, 25. In this list, numbers are ranked according to their negative con-
tribution to expected payoffs. This is a non exhaustive list but we can see that these
numbers may be date numbers that were previously identified as potential popular
numbers. In fact, they are all popular enough to generate a significantly negative
expected payoff at conventional probability levels. On the other side, underselected
numbers present less significant coefficients but are clearly profitable and, for most
of them, non-date numbers. 32 and 41 are the two most unpopular numbers and
generate significant positive returns. Associated with 39, 40, 38, 43, they are likely
to generate positive returns, casting doubt on the weak efficiency of the french lotto
market.

However, we have to be careful for a simple reason. When a player buys two
grids (the minimum stake), he pays 1.2 euro because the grids are valid for the two
drawings of the day under consideration. Knowing that more than 98% of tickets are
loosing ones, the player choosing the unpopular numbers can wait quite a long time
before realizing the expected profit.

5 Concluding remarks

As it has been shown that all three methodologies show up the same patterns with
regards to the numbers popularity, an explanation of the persistence of some num-
bers profitability is needed. It is indeed unclear why people do not identify profitable
numbers and always choose unprofitable ones. A simple structural explanation deals
with the information release of the lotto market. Authorities do not publish statistics
on the numbers actually played so that people can’t use this information to improve

10The LR statistic, equal to 198,639 allows us to significantly reject the hypothesis H, : a; = ay =
.o = Q49-
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the expected value of their tickets. However, as pointed out by Farrell et al., nothing
allows us to assert that people would exploit the opportunity because they suspect
that there exists a kind of utility gain associated with playing one’s own lucky num-
bers. Moreover, to explain why profit opportunities remain unexploited, they suggest
that this gain ranks above the utility loss associated with the higher probability of
sharing the jackpot prize. Psychological phenomena like the illusion of control or the
gambler’s fallacy appear convincing to give the intuition of the utility gain sources
though there exists no direct test of these hypotheses. Many heuristics that lead to
a false perception of randomness may also induce people to put weights on prob-
abilities. This kind of behavior may be captured by an alternative description of
preferences, for example by cumulative prospect theory, first presented by Kahneman
and Tversky (1979) and developed in Tversky and Kahneman (1992). Moreover,
such a description allows to transform objective probabilities in decision weights, es-
pecially in putting more weight on low-probability events. Jullien and Salanié (2000)
already showed that racetrack bettors are well described by cumulative prospect the-
ory and Bradley (2003) also recently illustrated that this approach is well-suited to
characterize betting behavior.
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Periods Number Ranks and probabilities
of drawings (W):WedneSday, (S):saturday
2 3 4 ) 6 7
6N | 5N+B | 5N | 4N+B | 4N 3N+B 3N
1978/01/04 - 6 252 CiCiy C3Ciy
1984/02/29 322 ChH | Th | Ch | Y| Th s %
C3C3
6 743
1984/03/07 - 630 | o || o, | aon | 25 T, )
1990/09/08 Ch | C% | Ch Clo e (5) £ (o)
1990/09/12 - 1 6 252 CiCly C§Cis
1997/10/11 80 e | oy |on | ™| e s %
1997/10/15 - 1 6 950 | Cix42 | CiC2, c302, 303,
2003/04/26 1156 Ch | Ch | Ch | Ch | Ch Ch Cho

Table 1: Winning ranks and corresponding probabilities

Figure 1: French Lotto Weekly Sales
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Table 2: Regression results : Z = aX + bl+¢
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Figure 2: Evolution of ticket sales (in volume)
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Figure 4: Mean of the draw versus number of winners
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Figure 5: Stochastic dominance tests

0,09
0,08
0,07
0,06

0,05
0,04

——domO01+
——dom01

0,03
0,02
0,01

20




Figure 6: Probability distribution of numbers actually played
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Figure 7: Comparison of MLE and BNE estimators
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Number of Number of | . Number of Number of | .
. 3 in % . 3 in %
winners drawings winners drawings

0 578 0.159 | 9 79 0.022
1 763 0.210 | 10 50 0.014
2 598 0.164 | 11 37 0.010
3 423 0.116 | 12 31 0.009
4 290 0.080 | 13 35 0.010
5 210 0.058 | 14 20 0.005
6 167 0.046 | 15 20 0.005
7 114 0.031 | 16 22 0.006
8 99 0.027 | >17 102 0.025

Table 3: Number of winners

Numbers | 0 winner | 1 winner | 2 winners | >5 winners
1to7 417 621 521 952

8 to 14 390 548 478 1007

15 to 21 451 657 524 879

22 to 28 482 608 486 895

29 to 35 578 723 492 731

36 to 42 556 749 549 722

43 to 49 594 678 538 730

x2-value 79.98 43.99 8.78 97.85

Table 4: Frequencies versus number of winners
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Figure 8: MLE versus 5+C estimators
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Table 5: Estimation of the expected payoff regression of numbers 1-49

Regression Regression Regression

coef ficients coef ficients coef ficients
1 —0.0548 18 —0.0489 a5 —0.0027
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