The Risk of Beta –
Investor Learning and Prospect Theory
According to finance theory riskier assets must offer higher expected returns than less risky assets. The most common pricing model, the Capital Asset Pricing Model (CAPM) quantifies this relationship and states that a stock is riskier the more closely its price moves with the prices in the market as a whole. The CAPM measure of the risk of a stock is given by beta (β). More formally, a stock’s expected excess return is given by the following equation.
E(R) – Rf = β (E(RM) – Rf)
The relationship indicates that the risk of a stock (beta) is proportional to the expected excess return on the market. Within the CAPM framework, a stock’s expected risk and return depends on beta and investors choose stocks according to beta, i.e. risky stocks exhibit a high beta and less risky stocks exhibit a relatively low beta. Beta is typically estimated by regressing historical (excess) stock returns on (excess) market returns. A stock’s beta is then a constant measure of exposure to market risk.
A stock’s beta varies with market conditions and that constant beta estimates potentially overestimate or underestimate the risk of a stock. The study thus tests whether beta estimates are conditional on stock return regimes. The analysis of conditional betas is important for investors and portfolio management in general if the risk of a stock in relation to systematic risk varies considerably. 
The hypothesis that stock returns are dependent on the returns of a market portfolio conditional on firm-specific conditions is also related to the literature showing that individual stocks, stock portfolios and stock market indices exhibit a stronger positive correlation in falling markets than in rising markets. However, this study retains some distinguishing features. It employs quantile regression to assess variations in the relationship between individual stocks and the market portfolio without an a priori definition of the number of regimes or states. 

I.   THEORETICAL FRAMEWORK
In this section we outline three alternative models that can generate regime-dependent betas and an asymmetric relationship of a firm’s equity return and return of the market portfolio proxied with an equity index. 
A. Investor Learning
The first model describes investor learning as an explanation for changing betas. We assume that a firm’s stock return depends on a factor common to all stocks with a certain loading and a firm-specific shock.
Rit = ai + bi ft + eit
where the common factor f and the firm-specific shock are given by e. The subscripts denote the firm (i=1,..., N) and the trading day (t=1,...,T). We assume that there is a shock associated with a quarterly earnings announcement that affects one firm. Investors assume that the information made public by the firm is an indicator of other firm’s earnings in the same industry or sector. Thus, investors adjust their expectations and purchase or sell the other firm’s stocks accordingly.
We assume that this happens in a subset of the observational period and in a subset of the market portfolio’s firms.
Rit* = ai + bi ft* + ηt*
where ηt is normally distributed with a non-zero mean and an increased variance relative to eit in equation 1. Note that η is equal for all stocks in the sub-sample and thus acts as a common factor for these stocks. The market return is the equally-weighted sum of all returns for the entire sample period. The model produces an average b equal to one and a higher b for specific firms in the specified time interval. 5

B. Herding
The second model describes herding caused by either fixed information costs or performance-based incentives. The latter also fits in a prospect theory context in which positive and negative deviations are treated differently and reference points play a major role.
EU(θ) = μ(θ) – γ/2 σ(θ)² - κ
where κ represents the fixed cost of acquiring specific information. A fixed cost of acquiring country-specific (here firm-specific) information introduces frictions which can lead to herding behaviour if the costs restrain investors to acquire information and follow other investors. If this is the case, a situation similar to the one described by equation 2 evolves. Both models yield a higher beta in certain periods independent of the nature of the news, that is, positive or negative.
C. Performance-based incentives
Performance-based incentives lead to a different outcome and thus deserve special attention.
EU(θ) = μ(θ) – γ/2 σ(θ)² - λ{μ(Θ)- μ(θ)}
The last term represents a variable performance cost or benefit of obtaining mean portfolio returns (μ) lower or higher than the mean return of an arbitrary portfolio Θ. The cost function λ is concave with λ’>0 and λ’’<0. The concavity of the cost function generates an asymmetry by imposing larger costs if an investor’s portfolio deviates from the reference portfolio μ(θ) when the deviation is positive than if the deviation occurs for negative values of μ(θ). This implies that in a bull market investors will put more effort in minimizing the deviation from the benchmark than in a bear market leading to smaller return dispersion in the former than in the latter. In terms of beta, one can expect a lower (cross-sectional) dispersion of beta in bull markets and a higher (cross-sectional) dispersion of beta in bear markets.
D. Prospect Theory
The use of a reference portfolio μ(θ) suggests that there exists a relation with prospect theory. Prospect theory was introduced by Kahneman and Tversky (1979) and Tversky and Kahneman (1986) with the following key elements: (1) a value function that is concave for gains, convex for losses, and steeper for losses than for gains, and (2) a nonlinear transformation of the probability scale, which overweights small probabilities and underweights moderate and high probabilities (Tversky and
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Kahneman, 1992). These elements lead to loss aversion over gains and risk-seeking over losses. The predictions are consistent with the model using performance-based incentives. Moreover, prospect theory can be used to describe a firm’s equity return through time and the cross-section of firms’ equity returns. For example, Fiegenbaum and Thomas (1988) show that prospect theory offers an explanation for a negative risk-return relationship for some firms in some periods also labelled “risk-return paradox” by Bowman (1980).
Econometric Framework
A stock’s beta is generally estimated with a regression model, an ordinary-least squares regression in its simplest form. We propose an alternative regression model which departs from the conditional mean framework and estimates conditional quantiles.
The model can be written as follows:
rit = ai + bi rMt + vit,
Qr(τ| rit) = ai(τ) + bi(τ) rMt
(1)
Qr(τ| rit) denotes the τ-th conditional quantile of a firm’s return rit, assumed to be linearly dependent on the market return rMt. The model is estimated with the quantile regression method and can thus assess the impact of rMt on different quantiles of rit, that is, different firm-specific market conditions (see Koenker and Bassett, 1978 or Buchinsky, 1998 for an introduction to quantile regression). 6 This approach yields coefficient estimates and (Pseudo-) R squares 7 for several quantiles (e.g. the 1% to the 99% quantile) for each firm. Since quantile regression uses the full sample of observations to compute all quantiles including those at the extreme tails of the distribution (e.g. the 1% quantile) the estimates in the tails of the distribution are more efficient compared to methods that only use the extreme observations in the estimation.
